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Chapter One

Introduction

This monograph offers a derivation of all classical and exceptional semisimple
Lie algebras through a class cation of primitive invariants. Using somewhat
unconventional notation inspired by the Feynman diagrams of quantum  eld theory,
the invariant tensors are represented by diagrams; severe limits on what simple
groupscould possibly exist are deduced by requiringthat irreduci bl erepresentations
be of integer dimension. The method provides the full Killing-Cartan list of al
possible simple Lie algebras, but fails to prove the existence of F 4, Eg, E7 and Es.

One simple quantum eld theory question started this project; what is the group-
theoretic factor for the following Quantum Chromodynamics gluon self-energy di-

agram
@ =9 (L1)

| rst computed the answer for SU (n). There was a hard way of doing it, using
Gell-Mann f;j and djjk coef cients. Therewas also an easy way, where one could
doodle oneself to the answer in afew lines. Thisisthe birdtracks method that will
be developed here. It works nicely for SO(n) and Sp(n) aswell. Out of curiosity,
| wanted the answer for the remaining ve exceptional groups. This engendered
further thought, and that which | learned can be better understood as the answer to
adifferent question. Suppose someone cameinto your of ceand asked, On planet
Z, mesons consist of quarks and antiquarks, but baryons contain three quarks in
a symmetric color combination. What is the color group? The answer is neither
trivial nor without some beauty (planet Z quarks can come in 27 colors, and the
color group can be Eg).

Once you know how to answer such group-theoretical questions, you can answer
many others. This monograph tells you how. Like the brain, it is divided into two
halves: the plodding half and the interesting half.

The plodding half describes how group-theoretic calculations are carried out for
unitary, orthogonal, and sympl ectic groups(chapters 3-45). Except for the negative
dimensions of chapter 13 andthe spinsters of chapter 14, none of that is new, but
the methods are helpful in carrying out daily chores, such as evaluating Quantum
Chromodynamics group-theoretic weights, evaluating lattice gauge theory group
integrals, computing 1/N corrections, eval uating spinor traces, eval uating casimirs,
implementing eval uation algorithms on computers, and so on.

The interesting half, chapters 16-21, describes the exceptional magic (a new
construction of exceptional Lie algebras), the negative dimensions (relations be-
tween bosonic and fermionic dimensions). Open problems, links to literature, soft-
ware and other resources, and personal confessions are relegated to the epilogue,
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monograph s Web page birdtracks.eu. The methods used are applicable to eld-
theoretic model building. Regardless of their potential applications, the results are
suf ciently intriguing to justify thisentire undertaking. In what followswe shall for-
get about quarksand quantum  eld theory, and offer instead a somewhat unorthodox
introduction to the theory of Lie algebras. If the styleis not Bourbaki [ 29], it is not
so by accident.

There are two complementary approaches to group theory. In the canonical ap-
proach one chooses the basis, or the Clebsch-Gordan coef cients, as smply as
possible. Thisisthe method which Killing [ 189] and Cartan [43] used to obtain the
completeclassi cation of semisimple Lie algebras, and which has been brought to
perfection by Coxeter [67] and Dynkin [ 105]. There exist many excellent reviews
of applications of Dynkin diagram methods to physics, such asrefs. [ 312, 126].

Inthetensorial approach pursued here, the basesarearbitrary, and every statement
isinvariant under change of basis. Tensor calculus deals directly with the invariant
blocks of the theory and gives the explicit forms of the invariants, Clebsch-Gordan
series, evaluation algorithms for group-theoretic weights, etc.

The canonical approach is often impractical for computational purposes, as a
choiceof basisrequiresaspeci ¢ coordinatization of the representation space. Usu-
ally, nothing that we want to compute depends on such a coordinatization; physical
predictions are pure scalar numbers ( color singlets ), with all tensoria indices
summed over. However, the canonical approach can be very useful in determining
chains of subgroup embeddings. We refer the reader to refs. [ 312, 126] for such
applications. Here we shall concentrate on tensorial methods, borrowing from Car-
tan and Dynkin only the nomenclature for identifying irreducible representations.
Extensivelistings of these are given by McKay and Patera[ 234] and Slansky [317].

Toappreciatethe senseinwhich canonical methodsareimpractical, et usconsider
using them to evaluate the group-theoretic factor associated with diagram (1.1)
for the exceptional group Eg. This would involve summations over 8 structure
constants. The Cartan-Dynkin construction enables us to construct them explicitly;
an Eg structure constant has about 2483/6 elements, and the direct eval uation of the
group-theoretic factor for diagram (1.1) istedious even on acomputer. An eval uation
in terms of a canonical basis would be equally tedious for SU (16); however, the
tensorial approach illustrated by the example of section 2.2 yieldsthe answer for all
SuU(n) inafew steps.

Simplicity of such calculations is one motivation for formulating a tensorial ap-
proach to exceptional groups. The other isthe desire to understand their geometrical
signi cance. The Killing-Cartan classi cation is based on a mapping of Lie alge-
bras onto a Diophantine problem on the Cartan root lattice. Thisyieldsan exhaustive
classi cation of simple Liealgebras, but givesno insight into the associated geome-
tries. In the 19th century, the geometries or the invariant theory were the central
question, and Cartan, in his 1894 thesis, made an attempt to identify the primitive
invariants. Most of theentriesin hisclassi cation werethe classical groupsSU (n),
SO(n),andSp(n). Of the veexceptional algebras, Cartan[44] identi ed G, asthe
group of octonion isomorphismsand noted already in histhesisthat E 7 has a skew-
symmetric quadratic and a symmetric quartic invariant. Dickson characterized E ¢
asa 27-dimensional group with a cubic invariant. The fact that the orthogonal, uni-
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tary and symplectic groupswereinvariance groups of real, complex, and quaternion

norms suggested that the exceptional groups were associated with octonions, but it
took morethan 50 yearsto establish thisconnection. Theremaining four exceptional

Liealgebrasemerged asrather complicated constructionsfrom octonionsand Jordan
algebras, known as the Freudenthal - Tits construction. A mathematician s history of

this subject is given in a delightful review by Freudenthal [ 130]. The problem has
been taken up by physiciststwice, rst by Jordan, von Neumann, and Wigner [ 173],
and then in the 1970s by G rsey and collaborators [ 149, 151, 1527]. Jordan et al. s
effort was afailed attempt at formulating a new quantum mechanics that would ex-

plain the neutron, discovered in 1932. However, it gave rise to the Jordan algebras,

which became a mathematics eld initself. G rsey et al. took up the subject again
in the hope of formulating a quantum mechanics of quark con nement; however,

the main applications so far have been in building models of grand uni  cation.

Although beautiful, the Freudenthal - Tits construction is still not practical for the
evaluation of group-theoretic weights. The reason is this: the construction involves
[3 3] octonionic matrices with octonion coef cients, and the 248-dimensional
de ning space of Eg iswritten as adirect sum of various subspaces. Thisis conve-
nient for studying subgroup embeddings [ 291], but awkward for group-theoretical
computations.

Theinspiration for the primitiveinvariants construction came from the axiomatic
approach of Springer [ 314, 315] and Brown [34]: onetreatsthede ning representa-
tion as a single vector space, and characterizes the primitive invariants by algebraic
identities. This approach solves the problem of formulating ef cient tensorial al-
gorithms for eval uating group-theoretic weights, and it yields some intuition about
the geometrical signi cance of the exceptional Lie groups. Such intuition might be
of use to quark-model builders. For example, because SU (3) has a cubic invariant

abe . qp e, Quantum Chromodynamics, based on this color group, can accommo-
date 3-quark baryons. Are there any other groups that could accommodate 3-quark
singlets? As we shall see, G2, F4, and Eg are some of the groups whose de ning
representati ons possess such invariants.

Beyondits utility asacomputational technique, the primitiveinvariants construc-
tion of exceptional groupsyields several unexpected results. First, it generatesin a
somewhat magical fashion atriangular array of Lie algebras, depictedin gure 1.1.
Thisisaclass cation of Lie algebras different from Cartan sclassi cation; in this
new classi cation, all exceptional Lie groups appear in the same series (the bottom
line of gure 1.1). The second unexpected result is that many groups and group
representations are mutually related by interchanges of symmetrizations and anti-
symmetrizations and replacement of the dimension parameter n by n. | cal this
phenomenon negative dimensions.

For me, the greatest surprise of all isthat in spite of all the magic and the strange
diagrammatic notation, theresulting manuscript isin essence not very different from
Wigner s[345] 1931 classic. Regardless of whether oneis doing atomic, nuclear, or
particle physics, al physical predictions ( spectroscopic levels ) are expressed in
terms of Wigner s3n-j coef cients, which can be evaluated by means of recursive
or combinatorial algorithms.

Parenthetically, this book is not a book about diagrammatic methods in group
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Figure1.1 The Magic Triangle for Lie agebras. The Magic Square is framed by the
double line. For a discussion, consult chapter 21.

theory. If you master a traditional notation that covers all topics in this book in a
uniform way, more elegantly than birdtracks, more power to you. | would love to
learnit.
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Chapter Two

A preview

The theory of Lie groups presented here had mutated greatly throughout its gen-
esis. It arose from concrete calculations motivated by physical problems; but as
it was written, the generalities were collected into introductory chapters, and the
applications receded later and later into the text.

As aresult, the rst seven chapters are largely a compilation of de nitions and
general resultsthat might appear unmotivatedon  rst reading. The reader isadvised
to work through the examples, section 2.2 and section 2.3 in this chapter, jump to
thetopic of possibleinterest (such asthe unitary groups, chapter 9, or the Eg family,
chapter 17), and birdtrack if able or backtrack when necessary.

The goal of these notesisto providethe reader with a set of basic group-theoretic
tools. They are not particularly sophisticated, and they rest on a few simple ideas.
The text is long, because various notational conventions, examples, special cases,
and applicationshave beenlaid out in detail, but the basic conceptscan bestated ina
few lines. Weshall brie y statetheminthischapter, together with several illustrative
examples. This preview presumes that the reader has considerable prior exposure
to group theory; if a concept is unfamiliar, the reader is referred to the appropriate
section for a detailed discussion.

2.1 BASIC CONCEPTS

A typical quantum theory is constructed from afew building blocks, which we shall
refer to as the defining space V . They form the de ning multiplet of the theory
for example, the quark wavefunctions 4. Thegroup-theoretical problem consists
of determining the symmetry group, i.e., the group of all linear transformations

4 =Ga°p ab=1,2,...,n,

which leavesinvariant the predictionsof thetheory. The[n n] matricesG formthe
defining representation (or rep for short) of theinvariancegroup G. The conjugate
multiplet g ( antiquarks ) transforms as

q a — Gabqb )
Combinations of quarks and antiquarks transform as tensors, such as
Palyl ©=Gav® a* praer?,
Gan®, a°F =Ga"G°Gy°
(distinction between G,P and G2, aswell as other notational details are explained
in section 3.2). Tensor reps are plagued by a proliferation of indices. These indices
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can either be replaced by afew collective indices:

c _ ef
ab ' d '
g =G q, (2.1)
or represented diagrammatically:
a —e —f a—e——ef
b—<— G e €=b—¢—<—€—¢€,
c —> >>d ¢ =—>——d

(Diagrammatic notation is explained in section 4.1.) Collective indices are conve-
nient for stating general theorems; diagrammatic notation speeds up explicit calcu-
lations.

A polynomial

H(@,T,...,8) = hg Cq?r°...sc

is an invariant if (and only if) for any transformation G~ G and for any set of
vectorsq,r,s, ... (seesection 3.4)

H(Gq,Gr,...Gs) = H(,T,...,s). 2.2)

An invariance group is de ned by its primitive invariants, i.e,, by alist of the
elementary singlets of the theory. For example, the orthogonal group O(n) is
de nedasthegroup of all transformationsthat |eavesthelength of avector invariant
(see chapter 10). Another exampleisthe color SU (3) of QCD that leavesinvariant
themesons (qdf) and thebaryons (qqq) (seesection 15.2). A completelist of primitive
invariantsdefinestheinvariancegroup viatheinvariance conditions( 2.2); only those
transformations, which respect them, are allowed.

Itis not necessary to list explicitly the components of primitive invariant tensors
in order to de nethem. For example, the O(n) groupisde ned by the requirement
that it leaves invariant a symmetric and invertible tensor gap = gna, det(g) = 0.
Such de nition is basis independent, while a component de nitiongi; = 1,012 =
0,022 =1,...reliesonaspeci cbasischoice. Weshall de neall simpleLiegroups
in this manner, specifying the primitive invariants only by their symmetry and by
the basis-independent algebraic relations that they must satisfy.

These algebraic relations (which | shall call primitiveness conditions) are hard to
describewithout  rst giving some examples. In their essence they are statements of
irreducibility; for example, if the primitive invariant tensors are 2, hape and habe,
then hapch®® must be proportional to €, as otherwise the de ning rep would be
reducible. (Reducibility is discussed in section 3.5, section 3.6, and chapter 5.)

The objective of physicists group-theoretic calculations is a description of the
spectroscopy of a given theory. This entails identifying the levels (irreducible mul-
tiplets), the degeneracy of a given level (dimension of the multiplet) and the level
splittings (eigenvalues of various casimirs). The basic ideathat enables us to carry
this program through is extremely simple: a hermitian matrix can be diagonalized.
Thisfact has many names. Schur slemma, Wigner-Eckart theorem, full reducibility
of unitary reps, and so on (see section 3.5 and section 5.3). We exploit it by con-
structing invariant hermitian matrices M from the primitive invariant tensors. The
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M s have collective indices (2.1) and act on tensors. Being hermitian, they can be
diagonalized

1 00
0 10
cmMc = 0 0 ,

and their eigenval ues can be used to construct projection operators that reduce mul-
tiparticle states into direct sums of lower-dimensional reps (see section 3.5):

<
-
=
[

0
0

Anexplicit expressionfor thediagonalizingmatrix C (Clebsch-Gordan coef cients
or clebsches, section 4.2) isunnecessary  itisin fact often more of animpediment
than an aid, asit obscuresthe combinatorial nature of group-theoretic computations
(see section 4.8).

All that is needed in practice is knowledge of the characteristic equation for the
invariant matrix M (see section 3.5). The characteristic equationisusually asimple
consequence of the algebraic relations satis ed by the primitive invariants, and the
eigenvalues  are easily determined. The ; sdetermine the projection operators
P, whichinturncontainall rel evant spectroscopicinformation: therepdimensionis
givenby tr P;, andthecasimirs, 6-j s, crossing matrices, and recoupling coef cients
(see chapter 5) are traces of various combinations of P; s. All these numbers are
combinatoric; they can often be interpreted as the number of different colorings of
agraph, the number of singlets, and so on.

Theinvariance group is determined by consideringin nitesimal transformations

Ga®  B+ia(Tiy.

The generators T; are themselves clebsches, elements of the diagonalizing matrix
C for the tensor product of the de ning rep and its conjugate. They project out
the adjoint rep and are constrained to satisfy the invariance conditions (2.2) for
in nitesimal transformations (see section 4.4 and section 4.5):

(Ti)g ha bc + (Ti)tb) habc ’ (Ti)g hab.(.:.m +...=0
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Primitive invariants Invariance group
qq SuU(n)
aa so(n)/ Sp(n)
qaq Egt...
qaqq E+.
higher order

Figure2.1 Additional primitive invariants induce chains of invariance subgroups.

As the corresponding projector operators are already known, we have an explicit
construction of the symmetry group (at least in nitesimally ~ we will not consider
discrete transformations).

If the primitive invariants are bilinear, the above procedure leads to the familiar
tensor reps of classical groups. However, for trilinear or higher invariantstheresults
are more surprising. In particular, all exceptional Lie groups emerge in a pattern of
solutions which | will refer to as a Magic Triangle. The ow of the argument (see
chapter 16) is schematically indicated in gure 2.1, with the arrows pointing to the
primitiveinvariantsthat characterize aparticular group. For example, E 7 primitives
areasesquilinear invariant qdl, askew symmetricqp invariant, and asymmetric qqqq
(see chapter 20).

The strategy is to introduce the invariants one by one, and study the way in
which they split up previously irreducible reps. The rst invariant might be realiz-
able in many dimensions. When the next invariant is added (section 3.6), the group
of invariance transformations of the rst invariant splits into two subsets; those
transformationsthat preserve the new invariant, and those that do not. Such decom-
positions yield Diophantine conditions on rep dimensions. These conditions are so
constraining that they limit the possibilities to a few that can be easily identi ed.

To summarize: in the primitive invariants approach, all ssmple Lie groups, clas-
sical aswell as exceptional, are constructed by (see chapter 21)

1. de ning asymmetry group by specifying alist of primitive invariants;

2. using primitiveness and invariance conditions to obtain algebraic relations
between primitive invariants;

3. constructing invariant matrices acting on tensor product spaces;

4. constructing projection operators for reduced rep from characteristic equa-
tions for invariant matrices.
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Once the projection operators are known, al interesting spectroscopic numbers can
be evaluated.

The foregoing run through the basic concepts was inevitably obscure. Perhaps
working through the next two examples will make things clearer. The rst example
illustrates computations with classical groups. The second example is more inter-
esting; it is a sketch of construction of irreducible reps of Eg.

2.2 FIRST EXAMPLE: SU(N)

How do we describe the invariance group that preserves the norm of a complex
vector? The list of primitives consists of a single primitive invariant,
n

m@,a) = §p°0a = (Pa) Ga:
a=1
The Kronecker 2 isthe only primitive invariant tensor. We can immediately write
down the two invariant matrices on the tensor product of the de ning space and its
conjugate,

. . d—e—c
identity : 13§ =

o
Qo

a—>—Db

d } C c

a b'

The characteristic equation for T written out in the matrix, tensor, and birdtrack
notationsis

trace: Tdg = § ¢

Herewe haveused § = n, the dimension of the de ning vector space. The roots
are ;1 =0, » = n,andthe corresponding projection operators are

SU(n) adjoint rep: P, = L0i=1 17
—_——
- 1
> = __ D (25)
U (n) singlet: P, = T =tr=1) (.

Now we can evaluate any number associated with the SU (n) adjoint rep, such as
its dimension and various casimirs.

The dimensions of the two reps are computed by tracing the corresponding pro-
jection operators (see section 3.5):

o 1 1
SU(n) adjoint; d1:trP1=@=% ﬁ@: ba ; Se

=n® 1

singlet: dy=trP, = %@ =1.
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To evaluate casimirs, we need to X the overall normalization of the generators T ;
of SU(n). Our conventionis to take

ij :trTiTj =— }—

The value of the quadratic casimir for the de ning rep is computed by substituting
the adjoint projection operator:

Su(n): Cr g:(TiTi)2=;Q—b=a—@—b %a—<—b
n? 1 _n? 1,

n a b npn &

In order to evaluate the quadratic casimir for the adjoint rep, we need to replace the

structure constants iCiji by their Lie algebra de nition (see section 4.5)

TiTj TjTi:iCij T

L X1

Tracing with Ty, we can express Cjjk in termsof the de ning rep traces:
iCijk :tr(TiTka) tr(TjTiTk)

S0 o

Theadjoint quadratic casimir CimnC™™ isnow eval uated by rsteliminating Cijk s
in favor of thede ning rep:

n
ijCA:ﬁ FJ.:Z—( )F
m

The remaining Cijk can be unwound by the Lie algebracommutator:

0-0 o

We have already evaluated the quadratic casimir (2.6) inthe rst term. The second
term we evaluate by substituting the adjoint projection operator

b c
. - 1 1
O, =D O =7
a
tr(TiTk T Ti) = (T2 (PG, £(Ti)S = (T)2(T;)S %(Ti)t.—;(-rj)t;a -

The (T;)3(Tj)¢E term vanishesby thetracelessness of T; s. Thisis aconsegquence of
the orthonormality of the two projection operators P 1 and P in (2.5) (see (3.50)):

O=P1P2=D—O C oTi=— ) =0.

(2.6)
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Combining the above expressionswe nally obtain

2
n 1+1 —on
n

CA:2

The problem (1.1) that started all thisis evaluated the same way. First werelate the
adjoint quartic casimir to the de ning casimirs:

@yl
2200
0 o000

L2
n

on. Theresultis

su(n) : = n ﬁ+ﬁ 2 > <++><

The diagram (1.1) is now reexpressed in terms of the de ning rep casimirs:

+2n @+ +4 Q +...

The rst two terms are evaluated by inserting the adjoint rep projection operators:

w0 00O 00
S iG0 R 00

1 1

_ .2

= n 2+— = n = -
nZ n n n2
3

_ .2

=N 3te :

and theremaining termshaveal ready been eval uated. Collecting everything together,
we nally obtain

su(n): @ = 2n2(n? + 12)
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This example was unavoidably lengthy; the main point is that the evaluation is
performed by asubstitution algorithmand iseasily automated. Any graph, no matter
how complicated, is eventually reduced to a polynomial in tracesof 2 = n, i.e,
the dimension of thede ning rep.

2.3 SECOND EXAMPLE: E¢ FAMILY

What invariance group preserves norms of complex vectors, aswell asasymmetric
cubic invariant,

D(p,q,r) = d®padpre = D(4,p, ) = D(p, ,0) ?
We analyze this case following the steps of the summary of section 2.1:

i) Primitive invariant tensors
a a

—>—0D, dapc = /i\ ) dabc:(dabc) = }*\

b c b c

ii) Primitiveness. daerd®™ must be proportional to &, the only primitive 2-index
tensor. We use thisto x the overall normalization of d g S:

O

iii) Invariant hermitian matrices. We shall construct here the adjoint rep projection
operator on the tensor product space of the de ning rep and its conjugate. All
invariant matrices on this space are

a C d ¢ a C d ¢ ace d ¢
b d= v odb= }C v 0%%%depg = eix .
a=—>— b a b a b

They are hermitian in the sense of being invariant under complex conjugation and
transposition of indices (see (3.21)). Thecrucial step in constructing thisbasisisthe
primitiveness assumption: 4-leg diagrams containing loops are not primitive (see
section 3.3).

The adjoint rep is always contained in the decompositionof V.- W v ¥l into
(in)reduciblereps, so the adjoint projection operator must be expressible in terms of
the 4-index invariant tensors listed above:

TRTI=A(2 §+B ¢ ¢+ Cd™®dyce)

)—CzA :+B) C+c:}< .

iv) Invariance. The cubic invariant tensor satis es (2.4)

A A

QD

b
a
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Contracting with d2°¢, we obtain

1 osme

Contracting next with (T;)5, we get aninvariance condition on the adjoint projection

operator,
L 2«-@- =0.

Substituting the adjoint projection operator yields the rst relation between the
coef cientsin its expansion:

0=(n+B +C)—e— +2 _@+B-«O++C@

+
0=B+c+”32.

v) The projection operators should be orthonormal, P P =P . The adjoint
projection operator is orthogonal to (2.5), the singlet projection operator P . This
yields the second relation on the coef cients:

0=P,Pa

o:%) GC:l+nB+C.

Finally, the overall normalization factor A is xedby P aPa = Pa:

{: (‘H =A 1+0 % {

Combining the above three relations, we obtain the adjoint projection operator for
the invariance group of a symmetric cubic invariant:

}{:gin 3:+>C (3+n):}< @D

The corresponding characteristic equation, mentioned in the point iv) of the sum-
mary of section 2.1, isgivenin (18.10).
The dimension of the adjoint rep is obtained by tracing the projection operator:

N = iiz@z@:nA(n+B+C):%.

This Diophantine condition is satis ed by a small family of invariance groups,
discussedin chapter 18. Themost interesting member of thisfamily isthe exceptional
Liegroup Eg, withn =27 and N = 78.

The solution to problem (1.1) requires further computation, but for exceptional
Lie groups the answer, given in table 7.4, turns out to be surprisingly simple. The
part of the 4-loop that cannot be simpli ed by Lie agebra manipulations vanishes
identically for all exceptional Lie groups (chapter 17.
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Chapter Three

Invariants and reducibility

Basic group-theoretic notions are introduced: groups, invariants, tensors, the dia-
grammatic notation for invariant tensors.

The key results are the construction of projection operators from invariant matri-
ces, the Clebsch-Gordan coef cients rep of projection operators (4.18), the invari-
ance conditions (4.35) and the Lie algebrarelations (4.47).

The basic idea is simple: a hermitian matrix can be diagonalized. If this matrix
is an invariant matrix, it decomposes the reps of the group into direct sums of
lower-dimensional reps. Most of computations to follow implement the spectral
decomposition

M= 1P1+ Po+eec+ (Pr,

which associates with each distinct root ; of invariant matrix M a projection op-
erator (3.48):

Pi =
j=i
The exposition given here in sections. 3.5-3.6 is taken from refs. [73, 74]. Who
wrote thisdown rst | do not know, but | like Harter s exposition [ 155, 156, 157]
best.

i ]

What follows is a bit dry, so we start with a motivational quote from Hermann
Weyl onthe so-called rst main theorem of invariant theory :

All invariantsare expressiblein terms of a finite number among them. We cannot
claimitsvalidity for every group G; rather, it will be our chief task to investigatefor
each particular group whether a nite integrity basis exists or not; the answer, to be
sure, will turn out af rmative in the most important cases.

3.1 PRELIMINARIES

In this section we de ne basic building blocks of the theory to be developed here:
groups, vector spaces, algebras, etc. This materia is covered in any introduction
to linear algebra[135, 211, 253] or group theory [ 324, 153]. Most of the material
reviewed hereis probably known to the reader and can be pro tably skipped on the

rst reading. Nevertheless, it seemsthat arefresher isneeded here, asan expert (more
so than anoviceto group theory) tendsto ndthe rst exposureto the diagrammatic
rewriting of elementary propertiesof linear vector spaces (chapter 4) hardto digest.
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3.1.1 Groups
Definition. A set of elementsg G forms a group with respect to multiplication
G G Gif

(a) thesetisclosed with respect to multiplication; for any two elementsa,b G,
theproductab G;

(b) multiplication is associative
(ab)c = a(hc)
for any threeelementsa,b,c  G;
(c) thereexistsan identity elemente G such that
eg=ge foranyg G;

(d) foranyg G thereexistsaninverseg ! such that
11—

g 'g=g9g '=e.

If thegroupis nite, the number of elementsis called the order of the group and
denoted |G|. If themultiplicationab = ba iscommutativeforala,b G, thegroup
is abelian.

Definition. A subgroupH G isasubset of G that forms a group under multipli-
cation. e is always a subgroup; so isG itself.

3.1.2 Vector spaces

Definition. A setV of elements X, y, z, ... iscaled avector (or linear) space over
a edFif

(8) vector addition + isde nedinV suchthat V isan abelian group under
addition, with identity element O;

(b) theset is closed with respect to scalar multiplication and vector addition
ax+y)=ax+ay, ab F, x5y V
(a+b)x=ax + bx
a(bx) = (ab)x
1x=x, 0x=0.
Herethe €ld F iseither R, the €eld of reals numbers, or C, the eld of complex

numbers. Given asubset VoV, the set of all linear combinations of elements of
Vo, or the span of Vy, is also avector space.

Definition. A basis {el,+++,e"} is any linearly independent subset of V whose
span is V. n, the number of basis elements, is called the dimension of the vector
space V.
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In calculations to be undertaken avector x  V isoften speci ed by the n-tuple
(X1,°**,Xn) iINF", itscoordinatesx =  e2X, in agiven basis. We will rarely,
if ever, actually x an explicit basis {e*, ¢+, e"}, but thinking this way makes it
often easier to manipulate tensorial objects.

Repeated index summation. Throughout thistext, therepeated pairsof upper/lower
indices are always summed over
n
GaXp Ga’Xy, (3.1)
b=1
unless explicitly stated otherwise.

Let GL(n, F) bethe group of general linear transformations,
GL(n,F) ={G:F" F"|det(G) =0}. (3.2

Under GL(n, F) abasis set of V is mapped into another basis set by multiplication
witha[n n] matrix G withentriesinF,

e 2=¢e"G 1)2.
As the vector x iswhat it is, regardless of a particular choice of basis, under this
transformation its coordinates must transform as

X, = GalXp.

Definition. We shall refer to the set of [n n] matrices G as a standard rep of
GL(n, F), and the space of al n-tuples (X1, X2, ...,Xn)t, Xi F on which these
matrices act as the standard representation space V .

Under a genera linear transformation G~ GL.(n, F), the row of basis vectors
transforms by right multiplicationase = eG 1, and the column of X, s trans-
forms by left multiplication as x = GXx. Under left multiplication the column
(row transposed) of basis vectorse® transforms as e ' = G et, wherethe dual rep
G = (G YHtisthetranspose of the inverse of G. This observation motivates in-
troduction of adual representation space ¥, the space on which GL(n, F) actsvia
thedual rep G .

Definition. If V isavector representation space, then the dual spac:e‘l?l isthe set of
al linear formsonV overthe eldF.

If {el,++¢,e"}isabasisof V, then ¥ is spanned by the dual basis {f1,¢¢*, fn},
the set of n linear forms f, such that
fa(eb) = ga
where B is the Kronecker symbol, 2 = 1if a = b, and zero otherwise. The
componentsof dual representation space vectorswill here be distinguished by upper
indices
OhYE Y. (3.3)



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

INVARIANTS AND REDUCIBILITY 17

They transform under GL.(n, F) as

y2=(G »?Y’. (34)
For GL.(n, F) nocomplex conjugationisimplied by the notation; that interpretation
applies only to unitary subgroupsof GL(n, C). G can bedistinguished fromG by
meticulously keeping track of the relative ordering of theindices,

G G, (G)y Ga. (35)

3.1.3 Algebra

Definition. A setof r elementst of avector spaceT formsanalgebraif,inaddition
to the vector addition and scalar multiplication,

(8) thesetisclosed with respect to multiplicationT «T T, sothat for any two
elementst ,t T,theproductt et asobelongstoT:
r 1
t ot = t, C; (3.6)

(b) the multiplication operation is distributive:
(t +t)et =t ot +t ot
t o(t +t)=t ot +t ot .

The set of numbers arecalled the structure constants of thealgebra. They form
amatrix rep of the algebra,

(t) : (3.7)
whose dimension is the dimension of the algebraitself.

Depending on what further assumptions one makes on the multiplication, one
obtains different types of algebras. For example, if the multiplication is associative
(t st)et =t o(t *t),

the algebrais associative. Typical examples of products are the matrix product
(t t)s=(t)t), t v ¥, (39)
and the Lie product
(t ct)g=C)t) @Re)y, t v ¥ (39

Asaplethoraof vector spaces, indices and dual spacesloomslargein our imme-
diatefuture, it paysto streamline the notation now, by singling out one vector space
as de ning and indicating the dual vector space by raised indices.

The next two sectionsintroducethethree key notionsin our construction of invar-
ince groups: defining rep, section 3.2 (see also comments on page 23); invariants,
section 3.4; and primitiveness assumption, page 21. Chapter 4 introduces diagram-
matic notation, the computational tool essential to understanding all computations
to come. As these concepts can be understood only in relation to one another, not
singly, and an exposition of necessity progresses linearly, the reader is asked to be
patient, in the hope that the questions that naturally arise upon rst reading will be
addressed in due course.
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3.2 DEFINING SPACE, TENSORS, REPS

Definition. Inwhat followsV will always denote the defining n-dimensional com-
plex vector representation space, that is to say the initial, elementary multiplet
space within which we commence our deliberations. Along with thede ning vector
representation space V. comes the dual n-dimensional vector representation space
Y. We shall denotethe corresponding element of ¥l by raising theindex, asin (3.3),
so the components of de ning space vectors, resp. dual vectors, are distinguished
by lower, resp. upper indices:

X=(X1,X2,---,%Xn), X V
f=0%2,...x"), & ¥, (3.10)

Definition. Let G beagroup of transformationsacting linearly onV , with the action
of agroupelementg G onavectorx V givenbyan[n n]matrix G

Xa=Ga" ab=12,...,n. (3.11)

We shall refer to G,® as the defining rep of the group G. Theactionofg G ona
vector /. isgivenby thedual rep[n n] matrix G :

X3 =xP(G )p® = GFpxP. (312

In the applications considered here, the group G will aimost always be assumed
to be a subgroup of the unitary group, in whichcase G * = G , and indicates
hermitian conjugation:

(G)a"=(Gp?) =G. (3.13)
Definition. A tensor x VP ¥4 transforms under the action of g Gas
X oy = Gy C e Xariy (3.14)

wheretheVP  ¥l9 tensor repof g G isde nedhby thegroupactingon al indices
of x.
Gpr a0, G™,G™, ... G Gy, Y. Gy, Gy, . (315)
Tensors can be combined into other tensors by
(a) addition:

2§ 0= xq+ v, . C, (3.16)
(b) product:
230" = x4y, (3.17)

(c) contraction: Setting an upper and a lower index equal and summing over all of
itsvaluesyieldsatensorz VP 1 19 1 without theseindices:

2e7i = x5 280 = XY (3.18)
Atensor x VP 9 transforms linearly under the action of g, so it can be

considered avector inthed = nP*9-dimensional vector spaceV = VP ¥d. we
can replace the array of itsindices by one collective index:

X = xﬁjff‘?k;jq . (3.19)
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One could be more explicit and give atable like
X1 =xiit, Xp =)t Xxa =" (3.20)

but that is unnecessary, as we shall use the compact index notation only as a short-
hand.

Definition. Hermitian conjugation is effected by complex conjugation and index
transposition:
()& (&) - (3.21)
Complex conjugation interchanges upper and lower indices, asin ( 3.10); transposi-
tion reversestheir order. A matrix is hermitian if its elements satisfy
(M )5 =Mg. (3.22)

For a hermitian matrix there is no need to keep track of the relative ordering of
indices,asMp? = (M )2 = M2y,

Definition. Thetensor dual tox de ned by (3.19) hasform
X =x%pb (3.23)

aq...aza1

Combined, theabovede nitionslead to the hermitian conjugationrulefor collective
indices: acollectiveindex israised or lowered by interchanging the upper and lower
indices and reversing their order:

— alaz...aq — bp...b]_
b]_ - bp dg...dz2d1 ' (324)

This transposition convention will be motivated further by the diagrammatic rules
of section 4.1.
Thetensor rep (3.15) can betreated asa[d d] matrix
G — Galtn;:llz-.-.--bapq , gggzlcl , (325)

and the tensor transformation (3.14) takes the usua matrix form
x =G X . (3.26)

3.3 INVARIANTS

Definition. Thevectorq V isaninvariant vector if for any transformationg G

q=0Gq. (3.27)
Definition. A tensor x VP ¥4 isaninvariant tensor if for anyg G
Xor e P =GN, G¥, .. Gy, ML Gy B (3.28)
We can state this more compactly by using the notation of (3.25)
x =G X . (3.29)

Herewetreat thetensor x,,. *,**” asavectorin[d d]-dimensional space, d = nP*9.
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If abilinear form M(&,y) = x@M yy isinvariant foral g G, the matrix
ab = GaCde Mcd (3.30)
isaninvariant matrix. Multiplying with G¢ and using the unitary condition (3.13),
we nd that the invariant matrices commute with all transformationsg ~ G:
[G,M]=0. (3.31)
If we wish to treat a tensor with equal number of upper and lower indices as a
matrix M : VP fla  ve o g
M =Mt et (332
then the invariance condition (3.29) will take the commutator form (3.31). Our
convention of separating the two sets of indices by a comma, and reversing the
order of the indices to the right of the comma, is motivated by the diagrammatic
notation introduced below (see (4.6)).

Definition. We shall refer to an invariant relation between p vectorsin V and q
vectorsin ¥, which can bewritten as ahomogeneous polynomial in terms of vector
components, such as

H(x,y, 2 f §) = habr:de)(byexserdzC ) (3.33)

as an invariant in Ve  ¥IP (repeated indices, as always, summed over). In this
example, the coef cientsh® 4. are componentsof invarianttensorh V3 Wiz,
obeying the invariance condition (3.28).

Diagrammatic representation of tensors, such as

h? e = (3.34)

a b c d e
makes it easier to distinguish different types of invariant tensors. We shall explain
in great detail our conventions for drawing tensors in section 4.1; sketching a few
simple examples should suf ce for the time being.

The standard example of ade ning vector space is our 3-dimensional Euclidean
space: V = ¥l isthe space of all 3-component real vectors (n = 3), and exam-
ples of invariants are the length L(x,X) = jXiX; and the volume V (x,y,z) =

ijkXiYjZk. We draw the corresponding invariant tensors as

j=i—1], k= /]\k (3.35)
I

Definition. A composed invariant tensor can be written as a product and/or contrac-
tion of invariant tensors.

Examples of composed invariant tensors are
i m n

ij kim =| A\ ; iim mn nkl = /I_I\ : (3.36)

i k1 m i j kI
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The rst example correspondsto a product of the two invariants L(X, y)V (z,r, S).
Thesecondinvolvesanindex contraction; wecanwritethisasV (X, y, %)V (z,r,9).

In order to proceed, we need to distinguish the primitive invariant tensorsfrom
thein nity of composed invariants. We beginby de ninga nite basisfor invariant
tensorsinv P la:

Definition. A tree invariant can be represented diagrammatically as a product of
invariant tensors involving no loops of index contractions. We shall denoteby T =
{to,t1...t, 1} a(maximal) set of r linearly independent tree invariants t

vP  ¥la Asany linear combination of t can serve as a basis, we clearly have a
great deal of freedom in making informed choices for the basis tensors.

Example: Tensors (3.36) are tree invariants. The tensor
i

hijkl = ims jnm krn sr =

with intermediate indices m, n, r, s summed over, is not a tree invariant, as it
involves aloop.

Definition. An invariant tensor is called a primitive invariant tensor if it cannot
be expressed as a linear combination of tree invariants composed from lower-rank
primitive invariant tensors. Let P = {p1, p2, . . . pk} bethe set of all primitives.
For example, the Kronecker deltaand the Levi-Civitatensor ( 3.35) are the primi-
tiveinvariant tensors of our 3-dimensional space. Theloop contraction ( 3.37) is not
a primitive, because by the Levi-Civitacompleteness relation (6.28) it reducesto a
sum of tree contractions:
i
I

I
i | —
:j) Ck+j k: ij kl+ o ko (3.38)
] k

(The Levi-Civitatensor is discussed in section 6.3.)

Primitivenessassumption. Any invarianttensorh VP fla can be expressed
asalinear sum over thetreeinvariantsT V9 VP

h= ht. (3.39)
T
In contradistinction to arbitrary composite invariant tensors, the number of tree
invariantsfora xed number of external indicesis nite. For example, givenbilinear
and trilinear primitivesP = { j;, fijk}, any invarianttensorh VP (here denoted
by a blob) must be expressible as

—Q— = A . (p=2) (3.40)
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;b\x

: ~ _+o) (. o=9
+E><+F>—<+GI+H%\
=1 ) A+FINL*+ . G=5) e (34D

3.3.1 Algebraof invariants

Any invariant tensor of matrix form (3.32)

a18z2...8q dp...d;
M _Mbl .bp ' Cq...C2C1

that mapsV e ¥P  va ¥IP canbeexpandedinthebasis(3.39). Inthiscasethe
basistensorst are themselves matricesinvVe WP va P and the matrix
product of two basis elementsis also an element of V 9 fir  va ¥lPandcan
be expanded in an r element basis:

tt = () t. (342
T

Asthenumber of treeinvariantscomposed fromthe primitivesis nite, under matrix
multiplicationthebasest forma niter-dimensional algebra, withthecoef cients
( ) givingtheir multiplicationtable. Asin (3.7), the structure constants ()
formal[r r]-dimensional matrix repof t actingonthevector (e, tq, ty,ecoty 1).
Given abasis, we can evaluatethe matricese  , (1) ,(2) ,***(r 1) and
their eigenvalues. For at least one of these matrices all eigenvalueswill be distinct
(or we have failed to choose a good basis). The projection operator technique of
section 3.5 will enable usto exploit this fact to decomposethe V 9 fir spaceinto
r irreducible subspaces.

This can be said in another way; the choice of basis{e, t;,ty et 1} isarbi-
trary, the only requirement being that the basis elements are linearly independent.
Findinga( ) withall eigenvaluesdistinct isall we need to construct an orthog-
onal basis {Pg, P1,P2,*** P, 1}, where the basis matrices P; are the projection
operators, to be constructed below in section 3.5. For an application of thisalgebra,
see section 9.11.

3.4 INVARIANCE GROUPS

So far we have de ned invariant tensors as the tensors invariant under transforma-
tions of a given group. Now we proceed in reverse: given a set of tensors, what is
the group of transformationsthat leaves them invariant?
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Given afull set of primitives, (3.33) P = {p1, p2, - - - , Pk}, Meaning that no other
primitives exist, wewish to determineall possible transformationsthat preservethis
given set of invariant relations.

Definition. Aninvariance group G isthe set of all linear transformations( 3.28) that
preserve the primitive invariant relations (and, by extension, all invariant relations)

p1(X, #) =p1(Gx, ¥IG )
p2(X,y,z,...)=p2(Gx,Gy,Gz...), e (3.43)

Unitarity (3.13) guarantees that all contractions of primitive invariant tensors, and
hence all composed tensorsh ~ H, are also invariant under action of G. As we
assume unitary G, it follows from (3.13) that the list of primitives must aways
include the Kronecker delta.

Example 1. If p2g, isthe only invariant of G
P “da = P°(G G)p°dc = P*0a, (3.44)

then G isthefull unitary group U (n) (invariance group of the complex norm [x| 2 =
xPx, 2), whose elements satisfy

GG=1. (3.45)

Example 2. If we wish the z-direction to be invariant in our 3-dimensional space,
g = (0,0,1) is an invariant vector (3.27), and the invariance group is O(2), the
group of al rotationsin the x-y plane.

Which rep is* defining” ?

1. The de ning space V need not carry the lowest-dimensional rep of G; it is
merely the spaceintermsof whichwe choseto de netheprimitiveinvariants.

2. We shall always assume that the Kronecker delta 5 is one of the primitive
invariants, i.e., that G is a unitary group whose elements satisfy (3.45). This
restrictionto unitary transformationsisnot essential, butit simpli  esproofsof
full reducibility. Theresults, however, apply aswell to the nite-dimensional
reps of noncompact groups, such as the Lorentz group SO(3, 1).
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3.5 PROJECTION OPERATORS

For M, a hermitian matrix, there exists a diagonalizing unitary matrix C such that

0 0
2 0 ... O
= 0 2

CcMC 0 . . . 0 . (3.46)

0 2

3
0 0
Here ; = ; arether distinct roots of the minimal characteristic polynomial
r

(M il)=0 (3.47)

i=1
(the characteristic equations will be discussed in section 6.6).

In the matrix C(M 21)C the eigenvalues correspondingto » are replaced
by zeroes:

1 2

and so on, sothe product over al factors(M  21)(M  31)..., withexception
of the (M 11) factor, has nonzero entries only in the subspace associated with
1.

O O

o - O

= O O
o

In this way, we can associate with each distinct root ; a projection operator Pj,

M ;1 ' (3.48)
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which acts as identity on the ith subspace, and zero elsewhere. For example, the
projection operator onto the 1 subspaceis

P,=C C. (3.49)
0
The matrices P; are orthogonal
PiP;j = ijPj, (nosumonj), (3.50)
and satisfy the completenessrelation
.
Pi=1. (3.52)

Astr(CP;C ) = tr P;, the dimension of the ith subspaceis given by
di=trP;. (352)

It follows from the characteristic equation (3.47) and the form of the projection
operator (3.48) that j isthe eigenvalue of M on P; subspace:

MP; = iP;, (nosumoni). (3.53)
Hence, any matrix polynomial (M) takesthescalar value f( ;) onthe P; subspace
f(M)P; =f( i)P;. (3.54)

This, of course, is the reason why one wants to work with irreducible reps: they
reduce matricesand operators to pure numbers.

3.6 SPECTRAL DECOMPOSITION

Supposethere exist several linearly independent invariant [d - d] hermitian matrices
My, My, ..., and that we have used M to decompose the d-dimensional vector
space V. = Vi. Can M3, Mg, ... be used to further decompose V;? This
is a standard problem of quantum mechanics (simultaneous observables), and the
answer isthat further decompositionispossibleif, and only if, theinvariant matrices
commute;

[M1,M] =0, (3.55)

or, equivalently, if projection operators P constructed from M, commute with
projection operators P constructed from M,

Pin == Pj Pi . (356)
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Usually the simplest choices of independent invariant matrices do not commute.
Inthat case, the projection operators P constructed from My can be used to project
commuting pieces of M:

Mgi) =PiMyP;, (nosumoni).
That Mg) commutes with M follows from the orthogonality of Pj:

M M= M, Pjl=0. (357)
i
Now the characteristic equation for M g') (if nontrivial) can be used to decompose
Vi subspace.

An invariant matrix M induces a decomposition only if its diagonalized form
(3.46) has morethan one distinct eigenvalue; otherwiseit is proportional to the unit
matrix and commutestrivially with all group elements. A repissaidto beirreducible
if all invariant matricesthat can be constructed are proportional to the unit matrix.

In particular, the primitiveness relation (3.40) is a statement that the de ning rep
isassumed irreducible.

An invariant matrix M commutes with group transformations [G, M] = 0, see
(3.31). Projection operators (3.48) constructed from M are polynomialsin M, so
they also commutewithal g G:

[G,Pi]=0 (3.58)
(remember that P; are also invariant [d  d] matrices). Hence, a[d d] matrix rep
can bewritten asadirect sum of [d; dj] matrix reps:
G=1G1= PiGP; = PiGP; = Gi. (3.59)
i i i

In the diagonalized rep (3.49), the matrix G has a block diagonal form:

G, 0 0
ccc = 0 G 0  G= CigG;. (3.60)
0 0 . i

Therep G; acts only on the d;-dimensional subspace V; consisting of vectors Pjq,
g V.Inthiswayaninvariant[d d]hermitian matrix M with r distinct eigenvalues
induces a decomposition of ad-dimensional vector space V into adirect sum of d;-
dimensional vector subspaces Vi:

M

v Mvyiove vy (3.61)

For a discussion of recursive reduction, consult appendix A. The theory of class
algebras[155, 156, 157] offers a more elegant and systematic way of constructing
the maximal set of commuting invariant matrices M ; than the sketch offered in this
section.
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Diagrammatic notation

Some aspects of therepresentation theory of Liegroupsarethe subject of thismono-
graph. However, it is not written in the conventional tensor notation but instead in
terms of an equival ent diagrammatic notation. We shall refer to this style of carrying
out group-theoretic calculations as birdtracks (and so do reputable journals [ 51]).
The advantage of diagrammatic notation will become self-evident, | hope. Two of
the principal bene ts are that it eliminates dummy indices, and that it does not
force group-theoretic expressionsinto the 1-dimensional tensor format (both being
means whereby identical tensor expressions can be made to look totally different).
In contradistinction to some of the existing literature in this manuscript | strive to
keep the diagrammatic notation as simple and elegant as possible.

4.1 BIRDTRACKS

We shall often nd it convenient to represent agglomerations of invariant tensors
by birdtracks, a group-theoretical version of Feynman diagrams. Tensors will be
represented by vertices and contractions by propagators.

Diagrammatic notation has several advantagesover thetensor notation. Diagrams
do not require dummy indices, so explicit labeling of such indices is unnecessary.
Moreto the point, for ahuman eyeit is easier to identify topologically identical dia-
gramsthan to recogni ze equival ence between the corresponding tensor expressions.

If readers nd birdtrack notation abhorrent, they can surely derive all results of
this monograph in more conventional algebraic notations. To give them a sense of
how that goes, we have covered our tracks by algebra in the derivation of the E 7
family, chapter 20, where not asingle birdtrack isdrawn. It it islike speaking Italian
without moving hands, if you are into that kind of thing.

In the birdtrack notation, the Kronecker deltaiis a propagator:

B=b —e— a. (4.2)
For areal de ning space thereis no distinction betweenV and ¥, or up and down
indices, and the lines do not carry arrows.

Any invariant tensor can be drawn as a generalized vertex:

d ——
X =x3e=g57 x | (4.2)
b =——

c ——
Whether the vertex is drawn as a box or a circle or a dot is a matter of taste.

The orientation of propagators and vertices in the plane of the drawing is likewise
irrelevant. The only rules are as follows:
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1. Arrows point away from the upper indices and toward the lower indices; the
line owis downward, from upper to lower indices:

a d
hgg = }\Ci . (4.3)
b c

2. Diagrammatic notation must indicate which in (out) arrow corresponds to
the rst upper (lower) index of the tensor (unless the tensor is cyclically
Ssymmetric);

Here the leftmost
index isthefirst index

abcd = % . (4.9)

a b c d e

3. Theindices are read in the counterclockwise order around the vertex:

N—
b
co>— X
X0 =\ dge— : (4.5)
e
Order of reading

the indices

(The upper and the lower indices are read separately in the counterclockwise
order; their relative ordering does not matter.)

In the examples of this section we index the external linesfor the reader s conve-
nience, but indices can always be omitted. Aninternal lineimpliesasummation over
corresponding indices, and for external lines the equivalent points on each diagram
represent the same index in all terms of a diagrammatic eguation.

Hermitian conjugation (3.21) does two things:

1. It exchangesthe upper and the lower indices, i.e., it reversesthe directions of
the arrows.

2. It reversesthe order of theindices, i.e,, it transposes adiagram into its mirror
image. For example, X , the tensor conjugateto (4.5), isdrawn as

X =X& = xt b—a, (4.6)

and a contraction of tensors X andY isdrawn as

XY =X e Yo = X — v . @D
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Insections. 3.1-3.2and herewede nethehermitian conjugationand ( 3.32) matrices
M:vP fla  vr  l9inthe multi-index notation

bl—_(— — d,

N £d
a=— M ==c (4.8)
a,—>— —>=c,

in such away that the matrix multiplication

V) V)

= M 55 N === MN
H H

HN N
>

and the trace of a matrix
C——=

(4.9)

A%

can bedrawnintheplane. Notationinwhich all internal lines are maximally crossed
at each multiplication [318] is equally correct, but less pleasing to the eye.

4.2 CLEBSCH-GORDAN COEFFICIENTS

Consider the product

[ay

1 C (4.11)

of the two termsin the diagonal representation of a projection operator ( 3.49). This
matrix has nonzero entriesonly inthed rows of subspaceV . We collect themin

a[d d]rectangularmatrix (C ) , =1,2,...d, =1,2,...d:
(CH ... €
C = : : d . (4.12)
(C )i

d

Theindex in(C ) standsfor all tensor indices associated with thed = nP*9-
dimensional tensor spaceV P 9. Inthebirdtrack notation theseindices areexplicit:

+b
©) i, =—— T (@13)
’aq...azay q . "
—)—qq
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Such rectangular arrays are called Clebsch-Gordan coefficients (hereafter referred
to as clebsches for short). They are explicit mappings V V . The conjugate
mappingV ¥ is provided by the product

7ol

1
1
C 1 , (4.14)
whichde nesthe[d d ]rectangularmatrix(C ) , =1,2,...d, =1,2,...d:
CHt ... )
C = : : d
(C )
d
b, —e—
b, —€—
C %, =7 51 ——. (4.15)
. ——
3y —>
The two rectangular Clebsch-Gordan matricesC  and C  arerelated by hermitian

conjugation.

Thetensors, which we have consideredin section 3.10, transform as tensor prod-
ucts of the de ning rep (3.14). In general, tensors transform as tensor products of
various reps, with indices running over the corresponding rep dimensions:

31:1,2,...,d1
32:1,2,...,d2

Xgpaiogeta where (4.16)
ap+q :1,2,,dp+q

The action of the transformation g on theindex ax isgiven by the[dyx  di] matrix
rep Gg.

Clebsches are notoriously index overpopulated, as they require a rep label and
atensor index for each rep in the tensor product. Diagrammatic notation alleviates
thisindex plaguein either of two ways:

1. Onecanindicatearep label on each line:

aa a —
cy . =

(4.17)

H
t
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(Anindex, if written, iswritten at the end of aline; arep label iswritten above
theline.)

2. One can draw the propagators (Kronecker deltas) for different reps with dif-
ferent kinds of lines. For example, we shall usually draw the adjoint rep with
athinline.

By the de nition of clebsches (3.49), the rep projection operator can be written
out in terms of Clebsch-Gordan matricesC C :

CC =P, (nosumoni)
ajaz...q dg...d1 — aiaz...d dy...d
(C )bll...zbq p' (C ) ’Cp.c.‘.CZCJZL_(P bll...zbq p'Cp.c.‘.CZCJ;L (4'18)
— € € €
T o—~<T=r
—_— > > >

A speci ¢ choiceof clebschesis quitearbitrary. All relevant properties of projec-
tion operators (orthogonality, compl eteness, dimensionality) are independent of the
explicit form of the diagonalization transformation C. Any set of C  is acceptable
aslong asit satis es the orthogonality and completeness conditions. From (4.11)
and (4.14) it followsthat C  are orthonormal:

cC =1,
(C) .55 ™(C Yoy, =
E = —— (4.19)

Herelisthe[d d ]unit matrix,andC saremultipliedas[d  d] rectangular
matrices.

The completeness relation (3.51)
CC =1, (d d]unitmatrix),
d
C ™, (C) ot =3 2.
— ——  ——
T o= T =T (4.20)
—— —_—— ———
cCP= cC,
PC= C, (nosumon , ), (4.21)

follows immediately from (3.50) and (4.19).
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4.3 ZERO- AND ONE-DIMENSIONAL SUBSPACES

If a projection operator projects onto a zero-dimensional subspace, it must vanish
identically:

d =0 P=""] — [ =0. (4.22)

Thisfollowsfrom (3.49); d isthe number of 1 son the diagonal on the right-hand
side. Ford = 0 theright-hand side vanishes. The general formof P is
r
P = My, (4.23)
k=1

where My aretheinvariant matrices used in construction of the projector operators,
and cx are numerical coef cients. Vanishing of P therefore implies a relation
among invariant matrices M.

If aprojection operator projects onto a 1-dimensional subspace, itsexpression, in
terms of the clebsches (4.18), involves no summation, so we can omit the interme-
diateline

d =1 P =" = (C ORI (C )tk
(4.24)

For any subgroup of SU(n), the reps are unitary, with unit determinant. On the
1-dimensional spaces, the group actstrivial}j/, G = 1. Hence,ifd =1, theclebsch
C in(4.24)isaninvarianttensorinV P Wa,

4.4 INFINITESIMAL TRANSFORMATIONS

A unitary transformation G in nitesimally close to unity can be written as
G’ = 2 +iDB, (4.25)

where D is ahermitian matrix with small elements, |D5| 1. Theactionofg G
on the conjugate spaceis given by

(G )ba = Gab = g iDba. (4.26)

D can be parametrized by N n? real parameters. N, the maximal number of
independent parameters, is called the dimension of the group (& so the dimension of
the Lie algebra, or the dimension of the adjoint rep).

In this monograph we shall consider only in nitesimal transformations of form
G =1+iD,|Dg| 1.Wedo notstudy theentiregroup of invariances, but only the
transformations (3.11) connected to the identity. For example, we shall not consider
invariances under coordinatere ections.

Thegeneratorsof in nitesimal transformations (4.25) are hermitian matricesand
belong to the D§  V /. space. However, not any element of V /. generates
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an alowed transformation; indeed, one of the main objectives of group theory isto
de nethe class of allowed transformations.

In section 3.5 we have described the decomposition of atensor space into \I}ir)re-
ducible subspaces. As a particular case, consider the decomposition of V . The
corresponding projection operators satisfy the completeness relation ( 4.20):

1=tr4pa+ P
n =A

1
= PErPARST (PR

=A
_‘_:%D C-OC+ :}«C 4.27)

If isthe only primitive invariant tensor, then V. ¥ decomposesinto two sub-
spaces, and thereareno other irreduciblereps. However, if therearefurther primitive
invarianttensors, vV i decomposesinto moreirreduciblereps, indicated by the sum
over . Exampleswill aboundinwhat follows. The singlet projection operator T/n
aways guresinthisexpansion,as 2, isalwaysoneof theinvariant matrices (see
the example worked out in section 2.2). Furthermore, the in nitesimal generators
D¢ must belong to at least one of the irreducible subspaces of V

Thissubspaceiscalled the adjoint space, and itsspecial rolewarrantsintroduction
of special notation. We shall refer to this vector space by letter A, in distinction to
thede ning spaceV of (3.10). We shall denoteitsdimensionby N, label its tensor
indices by i, j, k. .., denote the corresponding Kronecker delta by a thin, straight
line,

=i i, i,j=1,2,...,N, (4.28)

and the corresponding clebsches by

a
Cait=—=mp=i— . ab=12...n

a b
i=1,2,...,N.

Matrices T; are called the generators of in nitesimal transformations. Herea is an
(uninteresting) overall normalization xed by the orthogonality condition (4.19):

(T =tr(TiTj) =a j

Thescaleof Tj isnot set, asany overall rescaling can be absorbedinto thenormaliza-
tion a. For our purposesit will be most convenienttousea = 1 asthenormalization
convention. Other normalizationsare commonplace. For example, SU (2) Pauli ma-
tricesT; = $ j and SU(n) Gell-Mann[137] matricesT; = 3 ; are conventionally
normalizedby xinga = 1/2:

(4.29)

tr(TiTj) =5 ij - (4.30)

NI =
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The projector relation (4.18) expresses the adjoint rep projection operatorsin terms
of the generators:

PG = 2TTE = ¥ A (@31)

Clearly, the adjoint subspace is always included in the sum (4.27) (there must
exist some allowed in nitesimal generators D2, or otherwise there is no group to
describe), but how do we determine the corresponding projection operator?

The adjoint projection operator is singled out by the requirement that the group
transformations do not affect the invariant quantities. (Remember, the group is de-
fined as the totality of al transformations that leave the invariants invariant.) For
every invariant tensor g, the in nitessimal transformationsG = 1 + iD must sat-
isfy theinvariance condition (3.27). Parametrizing D as a projection of an arbitrary
hermitian matrix H V¥ intothe adjoint space, D =PaH VvV ¥,

1 1
Dba = E_i(Ti)g i i= E_i tr(TiH), (4.32)
we obtain the invariance condition, which the generators must satisfy: they annihi-
late invariant tensors:
Tig=0. (4.33)
To state the invariance condition for an arbitrary invariant tensor, we need to
de ne the generators in the tensor reps. By substitutingG = 1+ i «T + O( ?)

into (3.15) and keeping only the terms linear in , we nd that the generators of
in nitesimal transformationsfor tensor reps act by touching one index at atime:

yai1az...ap dg...d; _ a1 a a, di dq
(Tl)bl...bq 'Cs...Czcl - (Tl)cl Cp "t CF‘: by " bq
ay(T.\az a, di dq a: a» Nap di dg
R L) s T TR L)
a; az a \d1 dq a: a» a, di \dq
Ci C2 " " C;')D(T')bj_ **" bg et Ci1 Cz2 " *° Cpp by = (Tl)bq . (434)

Thisforest of indices vanishesin the birdtrack notation, enabling usto visualize the
formulafor the generatorsof in nitesimal transformationsfor any tensor represen-
tation:

—— <
—— T
——

with arelative minus sign between lines owing in opposite directions. The reader
will recognizethis asthe Leibnitz rule.
Tensor reps of the generatorsdecomposein the sameway asthe group reps( 3.60):

= e+ — < , (4.35)

> >
> >

t14

Ti= cTlC

—— —
T = — .
—_— -

A——

t44
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The invariance conditions take a particularly suggestive form in the diagrammatic
notation. Equation (4.33) amounts to the insertion of a generator into all external
legs of the diagram corresponding to the invariant tensor q:

(4.36)

The insertions on the lines going into the diagram carry aminus sign relative to the
insertions on the outgoing lines.

Clebsches are themselvesinvariant tensors. Multiplying both sides of ( 3.60) with
C and using orthogonality (4.19), we obtain

cG=GC , (nosumon ). (4.37)

The Clebsch-Gordan matrix C  isarectangular [d ~ d] matrix, henceg G acts
onitwithal[d d ]Jrepfromtheleft,andald d] rep fromtheright. (3.48) isthe
statement of invariance for rectangular matrices, analogousto ( 3.30), the statement
of invariance for square matrices:

C =G C G,

C =GC G . (4.38)

Theinvariance condition for theclebschesisaspecial caseof (4.36), theinvariance
condition for any invariant tensor:

0= T)C +C T

.

—+ o000 $ : $ HE (439)
e

The orthogonality condition (4.19) now yields the generatorsin  rep in terms of
the de ning rep generators:

it

-

I
——

AN
AN

Y

~

A A

:::;‘: : :+=‘= : — - 000

YY
YY
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AN
AN

Xy $ : — $ : — (440)

4

Y

Thereality of theadjoint rep. For hermitian generators, the adjoint repisreal, and
the upper and lower indices need not be distinguished; the propagator needs no
arrow. For nonhermitian choices of generators, the adjoint rep is complex ( gluon
linescarry arrows), but A and Aare equivalent, asindices can beraised and lowered
by the Cartan-Killing form,

gij = tr(Ti Tj). (4.41)

The Cartan canonical basisD = Hij+ E + E isanexampleof a
nonhermitian choice. Here we shall always assume that T; are chosen hermitian.

45 LIE ALGEBRA

Asthe simplest example of computation of the generatorsof in nitesimal transfor-
mations acting on spaces other than the de ning space, consider the adjoint rep.
Using (4.40) ontheV ¥ A adjoint rep clebsches (i.e., generatorsT;), we obtain

L = %)ﬁ (4.42)

(T)ik = (TDSTAT)E  (TD(Ti)e(T); -

Our convention is always to assume that the generators T; have been chosen
hermitian. That means that ; in the expansion (4.32) is real; A is areal vector
space, thereis no distinction between upper and lower indices, and thereis no need
for arrows on the adjoint rep lines (4.28). However, the arrow on the adjoint rep
generator (4.42) is necessary to de ne correctly the overall sign. If we interchange
the two legs, the right-hand side changes sign:

L

(the generatorsfor real reps are always antisymmetric). Thisarrow has no absolute
meaning; its directionis defined by (4.42). Actually, asthe right-hand side of (4.42)
is antisymmetric under interchange of any two legs, it is convenient to replace the
arrow in the vertex by a more symmetric symbol, such as adot:

L a0



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

DIAGRAMMATIC NOTATION 37

(T iCijk = tr[T;, Tj]Tk, (4.44)

and replace the adjoint rep generators (T)jx by the fully antisymmetric structure
constantsiCijk. Thefactor i ensurestheir reality (inthe case of hermitian generators
Ti), and we keep track of the overall signs by always reading indices counterclock-

wise around a vertex:
i

iCijk = (4.45)

j k
/k = A& . (4.46)

Asall other clebsches, thegeneratorsmust satisfy theinvariance conditions(4.39):

- €

Redrawing thisalittle and replacing the adjoint rep generators ( 4.44) by the structure
constants, we nd that the generators obey the Lie algebra commutation relation

i

L XY

TiTj TjTi = iCijka . (4.47)

In other words, the Lie algebrais simply a statement that T, the generators of in-
variancetransformations, arethemsel vesinvariant tensors. Theinvariancecondition
for structure constants Cij is likewise

L

Rewriting this with the dot-vertex (4.44), we obtain

H /X\ = I (4.48)

This is the Lie algebra commutator for the adjoint rep generators, known as the
Jacobi relation for the structure constants

CijmCmki  CijmCmki = CimiCjkm - (4.49)

Hence, the Jacobi relation is also an invariance statement, this time the statement
that the structure constants are invariant tensors.

Sign convention for Cjjk. A word of caution about using (4.47): vertex Cijx is
an oriented vertex. If the arrows are reversed (matrices T, T; multiplied in reverse
order), the right-hand side acquires an overall minus sign.
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4.6 OTHER FORMSOF LIE ALGEBRA COMMUTATORS

In our calculationswe shall never need explicit generators; we shall instead use the
projection operatorsfor the adjoint rep. For rep  they have the form

(PA)z, =b}€ ab=12...n

, =1,...,d . (4.50)
The invariance condition (4.36) for a projection operator is

iﬁ iX \*TJ ;\%‘) —0. (@5

Contracting with (T;)2 and de ning [d  d ] matrices (T2) (Pa)2, ,we
obtain

a bc d

Y oy W

~

Thisisacommon way of stating the Lie algebra conditionsfor the generatorsin an
arbitrary rep . For example, for U (n) theadj oint projection operator issimply aunit
matrix (any hermitian matrix isagenerator of unitary transformation; cf. chapter 9),
and the right-hand side of (4.52) is given by

U),su(m): [T5.Tgl= §Tg Tg 4. (4.53)

For the orthogonal groupsthe generators of rotations are antisymmetric matrices,
and the adjoint projection operator antisymmetrizes generator indices:

1 OacTod  GadThe
SO(n): Tab, Teal = = . 454
( ) [ o Cd] 2 gbcTad + gdeac ( )
Apart from the normalization convention, these are the familiar L orentz group com-
mutation relations (we shall return to thisin chapter 10).

4.7 CLASSIFICATION OF LIE ALGEBRASBY THEIR PRIMITIVE
INVARIANTS

There is a natural hierarchy to invariance groups, hinted at in sections. 2.1-3.6,
that can perhaps already be grasped at this stage. Suppose we have constructed the
invariance group G 1, which preserves primitives (3.39). Adding anew primitive, let
us say a quartic invariant, means that we have imposed anew constraint; only those
transformations of G, that also preserve the additional primitive constitute G ,, the
invariance group of —, L , X(. Hence, G, Gy isasubgroup of G1. Suppose
now that you think that the primitiveness assumption is too strong, and that some
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quartic invariant, let us say (3.37), cannot be reduced to a sum of tree invariants
(3.41),i.e, itisof form

= >< + (rest of (3.41)),

where X isanew primitive, not included in the original list of primitives. By the
above argument only asubgroup G 3 of transformationsin G, preservetheadditional
invariant, G G». If G3 doesnot exist (theinvariant relations are so stringent that
there remain no transformations that would |eave them invariant), the maximal set
of primitives has been identi ed.

4.8 IRRELEVANCY OF CLEBSCHES

Aswasemphasizedin section 4.2, an explicit choice of clebschesishighly arbitrary;
it corresponds to a particular coordinatization of thed -dimensional subspaceV .
For computational purposesclebschesarelargely irrelevant. Nothing that aphysicist
wants to compute depends on an explicit coordinatization. For example, in QCD the
physicaly interesting objects are color singlets, and al color indices are summed
over: one needs only an expression for the projection operators (4.31), not for the
C sseparately.

Again, aniceexampleisthe LiealgebrageneratorsT ;. Explicit matricesare often
constructed (Gell-Mann  j matrices, Cartan s canonical weights); however, in any
singlet they aways appear summed over the adjoint rep indices, asin (4.31). The
summed combination of clebschesis just the adjoint rep projection operator, avery
simple object compared with explicit T; matrices (Pa is typically a combination
of afew Kronecker deltas), and much simpler to use in explicit evaluations. As we
shall show by many examples, all rep dimensions, casimirs, etc.. are computable
once the projection operators for the reps involved are known. Explicit clebsches
are super uous from the computational point of view; we use them chie y to state
general theorems without recourse to any explicit realizations.

However, if one hasto compute noninvariant quantities, such as subgroup embed-
dings, explicit clebschesmight bevery useful. Gell-Mann[ 137] invented ; matrices
inorder toembed SU (2) of isospininto SU (3) of the eightfold way. Cartan scanon-
ical form for generators, summarized by Dynkin labels of arep (table 7.6) isavery
powerful tool in the study of symmetry-breaking chains [ 312, 126]. The same can
be achieved with decomposition by invariant matrices (a nonvanishing expectation
valuefor adirectioninthede ning spacede nesthelittle group of transformations
in the remaining directions), but the tensorial technology in this context is underde-
veloped compared to the canonical methods. And, as Stedman [ 317] rightly points
out, if you need to check your calculations against the existing literature, keeping
track of phase conventionsis a necessity.
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4.9 A BRIEF HISTORY OF BIRDTRACKS

Ich wollte nicht eine abstracte Logik in Formeln darstellen,
sondern einen Inhalt durch geschriebene Zeichen in
genauerer und bersichtlicherer Weise zum Ausdruck brin-
gen, asesdurch Wortem glich ist.

Gottlob Frege

Inthismonograph, conventional subjects  symmetric group, Liealgebras(and, toa
lesser extent, continuousLiegroups) — arepresentedinasomewhat unconventional
way, in a avor of diagrammatic notation that | refer to as birdtracks. Similar
diagrammatic notations have been invented many times before, and continue to be
invented within new research areas. The earliest published example of diagrammatic
notation as a language of computation, not a mere mnemonic device, appears to
be FL.G. Frege s 1879 Begriffsschrift [127], at its time a revolution that laid the
foundation of modern logic. The idiosyncratic symbolism was not well received,
ridiculed as incorporating ideas from Japanese. Ruined by costs of typesetting,
Frege died a bitter man, preoccupied by a deep hatred of the French, of Catholics,
and of Jews.

According to Abdesselam and Chipalkatti [ 4], another precursor of diagrammatic
methods was the invariant theory discrete combinatorial structures introduced by
Cayley [50], Sylvester [321], and Clifford [61, 183], reintroduced in a modern,
diagrammatic notation by Olver and Shakiban [ 264, 265].

In his 1841 fundamental paper [ 167] on the determinants today known as Jaco-
bians, Jacobi initiated the theory of irreps of the symmetric group S k. Schur used
the Sk irreps to devel op the representation theory of GL(n; C) in his 1901 disser-
tation [306], and already by 1903 the Young tableaux [ 356, 338] (discussed herein
chapter 9) cameinto use as a powerful tool for reduction of both S and GL(n; C)
representations. In quantum theory the group of choice [ 342] is the unitary group
U (n), rather than the general linear group GL.(n; C). Today this theory forms the
core of the representation theory of both discrete and continuous groups, described
in many excellent textbooks[ 238, 64, 348, 138, 26, 11, 316, 132, 133, 228]. Permu-
tations and their compositionslend themselves naturally to diagrammatic represen-
tation developed here in chapter 6. In his extension of the GL(n; C) Schur theory
to representations of SO(n), R. Brauer [ 31] introduced diagrammatic notation for

ij in order to represent Brauer algebra permutations, index contractions, and
matrix multiplication diagrammatically, in the form developed here in chapter 10.

His equation (39)
5 Do
/ /—:

(send index 1 to 2, 3 to 4, keep 5, contract ingoing (3 ¢ 4), outgoing (1 ¢ 3)) isthe
earliest published proto-birdtrack | know about.

R. Penrose s papers are the rst (known to me) to cast the Young projection
operatorsinto adiagrammatic form. In thismonograph | use Penrose diagrammatic
notation for symmetrization operators[ 280], Levi-Civitatensors[282], and strand
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networks [281]. For several speci c, few-index tensor examples, diagrammatic
Young projection operators were constructed by Canning [ 41], Mandula[227], and
Stedman [318].

It is quite likely that since Sophus Lie s days many have doodled birdtracks
in private without publishing them, partially out of a sense of gravitas and in no
insigni cant part because preparing these doodles for publications is even today a
painful thing. | have seen unpublished 1960s course notes of J. G. Belinfante[ 6, 19],
very much like the birdtracks drawn herein chapters 6-9, and there are surely many
other such doodles lost in the mists of time. But, citing Frege [ 128], the comfort
of the typesetter is certainly not the summum bonum, and now that the typesetter
isgone, it is perhaps time to move on.

The methods used here come down to us along two distinct lineages, onethat can
be traced to Wigner, and the other to Feynman.

Wigner s1930stheory, elegantly presented in his group theory monograph[ 345],
is still the best book on what physics is to be extracted from symmetries, be it
atomic, nuclear, statistical, many-body, or particle physics: all physical predictions
( spectroscopiclevels ) areexpressedintermsof Wigner s3n-j coef cients, which
can be evaluated by means of recursive or combinatorial algorithms. As explained
herein chapter 5, decomposition (5.8) of tensor productsintoirreduciblerepsimplies
that any invariant number characterizing a physical system with a given symmetry
correspondsto one or several vacuum bubbles, trivalent graphs (agraphin which
every vertex joinsthreelinks) with no external legs, such asthoselisted intable 5.1.

Since the 1930s much of the group-theoretical work on atomic and nuclear
physics had focused on explicit construction of clebsches for the rotation group
SO(3) SU(2). The rst paper recasting Wigner s theory in graphical form ap-
pearsto be a 1956 paper by |. B. Levinson [ 213], further developedinthein uental
1960 monograph by A. P. Yutsis (later A. Jucys), |. Levinsonand V. Vanagas|[ 357],
publishedin Englishin 1962 (see alsorefs. [ 109, 33]). A recent contribution to this
tradition is the book by G. E. Stedman [ 318], which covers a broad range of appli-
cations, including the methods introduced in the 1984 version of the present mono-
graph [82]. The pedagogica work of computer graphics pioneer J. F. Blinn [ 25],
who was inspired by Stedman s book, also deserves mention.

The main drawback of such diagrammatic notations is lack of standardization,
especially in the case of clebsches. In addition, the diagrammatic notations designed
for atomic and nuclear spectroscopy are complicated by various phase conventions.

R. P. Feynman went public with Feynman diagrams on my second birthday, April
1, 1948, at the Pocono Conference. The idiosyncratic symbolism (Gleick [ 141]
describes it as chicken-wire diagrams ) was not well received by Bohr, Dirac,
and Teller, leaving Feynman a despondent man [ 141, 307, 237]. The rst Feynman
diagram appeared in print in Dyson s article [ 106, 308] on the equivalence of (at
that time) the still unpublished Feynman theory and the theories of Schwinger and
Tomonaga.

If diagrammatic notation isto succeed, it need be not only precise, but also beau-
tiful. Itisin thissensethat this monograph belongsto thetradition of R. P. Feynman,
whosesketchesof thevery rst Feynmandiagrams inhisfundamental 1948 Q.E.D.
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paper [ 119, 308] are beautiful to behold. Similarly, R. Penrose s[ 280, 281] way of
drawing symmetrizers and antisymmetrizers, adopted here in chapter 6, isimbued
with a very Penrose aesthetics, and even though the print is black and white, one
senses that he had drawn them in color.

In developing the birdtrack notation in 1975 | was inspired by Feynman di-
agrams and by the elegance of Penrose s binors[280]. | liked G. t Hooft s 1974
double-line notation for U (n) gluon group-theory weights [ 163], and have intro-
duced analogous notation for SU (n), SO(n) and Sp(n) in my 1976 paper [ 73]. In
anin uentia paper, M. Creutz [ 69] has applied such notation to the evaluation of
SU (n) lattice gaugeintegrals(described herein chapter 8). Thechallengewasto de-
velop diagrammatic notation for the exceptional Lie algebras, and | succeeded [ 73],
except for Eg, which came later.

In the quantum groups literature, graphs composed of vertices (4.44) are called
trivalent. The Jacobi relation (4.48) in diagrammatic form was rst published [ 73]
in 1976; though it seems surprising, | have not found it in the earlier literature. This
set of diagrams has since been given the moniker IHX by D. Bar-Natan [ 14].
In his Ph.D. thesis Bar-Natan has also renamed the Lie algebra commutator (4.47)
the STU relation, by analogy to Mandelstam s scattering cross-channel variables
(s, t, u), and the full antisymmetry of structure constants (4.46) the ASrelation.

So why call this birdtracks and not Feynman diagrams ? The difference is
that here diagrams are not a mnemonic device, an aid in writing down an integral
that is to be evaluated by other techniques. In our applications, explicit construc-
tion of clebsches would be super uous, and we need no phase conventions. Here

birdtracks are everything unlike Feynman diagrams, here all calculations are
carried out in terms of birdtracks, from start to  nish. Left behind are blackboards
and pages of squiggles of the kind that made Bernice Durand exclaim: What are
these birdtracks!? and thus give them the name.


http://theory1.hep.wisc.edu/~bdurand/

GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

Chapter Five

Recouplings

Clebsches discussed in section 4.2 project atensor in VP ¥4 onto a subspace .
In practice one usually reduces atensor step by step, decomposing a 2-particle state
at each step. Whilethereis some arbitrarinessin the order in which these reductions
arecarried out, the nal resultisinvariant and highly elegant: any group-theoretical
invariant quantity can be expressed in terms of Wigner 3- and 6-j coef cients.

5.1 COUPLINGSAND RECOUPLINGS

We denote the clebsches for by
< —— ——
—— , P = —— . (5.2)
—— — —
Here , , arerep labels, and the corresponding tensor indices are suppressed.

Furthermore, if and are irreducible reps, the same clebsches can be used to

project fl 1
P = g_m (5.3)

Here the normalization factors come from P 2 = P condition. In order to draw the
projection operatorsin a more symmetric way, we replace clebsches by 3-vertices:

— %<_< . (5.4)

Inthisde nition onehasto keep track of the ordering of the lines around the vertex.
If in some context the birdtracks look better with two legs interchanged, one can

ad fl 1
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<~

Whileall sensible clebschesare normalized by the orthonormality relation (4.19),
in practice no two authors ever use the same normalization for 3-vertices (in other
guises known as 3-j coef cients, Gell-Mann  matrices, Cartan roots, Dirac
matrices, etc.). For thisreason we shall usually not x the normalization

—<—©—<—=a—<—, a=d@, (5.6)

leaving the reader the option of substituting hisor her favorite choice(suchasa = %
if the 3-vertex stands for Gell-Mann 1 ;, etc.).

To streamline the discussion, we shall drop the arrows and most of the rep labels
in the remainder of thischapter  they can always easily be reinstated.

The above three projection operators now take a more symmetric form:

P:i
a: :

1
T a

P = ai>_< . (5.7)

In terms of 3-vertices, the completenessrelation (4.20) is

= é>_< . (5.8)

Any tensor can be decomposed by successive applications of the completeness
relation:
_ 12>3>—C 11 i f
T a—/—  aa
111
= ———g E f g 5.9
a a a (59)

Hence, if we know clebsches for , We can also construct clebsches for

e . However, thereis no unique way of building up the clebsches;
the above state can equally well be reduced by a different coupling scheme

111

use Yutsis s notation [357]:

P
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Consider now a process in which aparticleintherep  interacts with a particle
intherep by exchanging aparticlein the rep

(5.12)

The nal particlesareinreps and . To evaluate the contribution of this exchange
tothe spectroscopiclevelsof the - particlessystem, weinsert the Clebsch-Gordan
series(5.8) twice, and eliminate one of the sumsby the orthonormality relation ( 5.6):

T - 55 >0< e

By assumption , areirreps, so we have a recoupling relation between the ex-

changesin s and tchannels :
= d —— > . (5.13)
I oo

We shall refer to € as 3-j coef cientsand () as 6-j coef cients, and commit
ourselvesto no particular normalization convention.
In atomic physicsit is customary to absorb € into the 3-vertex and de nea3-j

symbol [238, 286, 345]
_< . (5.14)

Here =1,2,...,d ,etc,areindices, , , replabelsand the phase conven-
tion. Fixing a phase convention is awaste of time, as the phases cancel in summed-
over quantities. All the ugly square roots, one remembers from quantum mechanics,
come from sticking e into 3-j symbols. Wigner [345] 6-j symbols are related
to our 6-J coefficients by

(0]

SASASAS

The name 3n-j symbol comes from atomic physics, where a recoupling involves
3n angular momentajs, j2, . . ., jan (See section 14.2).

Most of thetextbook symmetriesof and rel ationsbetween 6-j symbolsare obvious
from looking at the corresponding diagrams; othersfollow quickly from compl ete-
ness relations.

If we know the necessary 6- s, we can compute the level splittings dueto single
particle exchanges. In the next section we shall show that afar stronger claim can
be made: given the 3- and 6-j coef cients, we can compute all multiparticle matrix
elements.

(5.15)
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Vertex Self-energy Tota
Skeletons  insertions insertions number

1-j O 1
3j D 1
6-j N abD 2
B B ALY s
12-j % @m@ 16

& = =0y
o SHLHE
RN

Table 5.1 Topologically distinct types of Wigner 3n-j coef cients, enumerated by drawing
all possible graphs, eliminating the topologically equivalent ones by hand. Lines
meeting in any 3-vertex correspond to any three irreducible representations with
a nonvanishing Clebsch-Gordan coef cient, so in general these graphs cannot be
reduced to simpler graphs by means of such as the Lie algebra (4.47) and Jacobi
identity (4.48).

5.2 WIGNER 3N-J COEFFICIENTS

An arbitrary higher-order contribution to a 2-particle scattering process will give a
complicated matrix element. The corresponding energy levels, crosssections, etc.,
areexpressedintermsof scalars obtained by contracting all tensor indices; diagram-
matically they look like vacuumbubbles, with 3n internal lines. Thetopologically
distinct vacuum bubblesin low ordersare givenin table 5.1.

In group-theoretic literature, these diagrams are called 3n-j symbols, and are
studied in considerable detail. Fortunately, any 3n-j symbol that contains as a sub-
diagram aloop with, let us say, seven vertices,
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can be expressed in terms of 6-j coef cients. Replace the dotted pair of vertices by
the cross-channel sum (5.13):

= d & . (5.16)
o0

Now theloop hassix vertices. Repeating the replacement for thenext pair of vertices,
we obtain aloop of length ve:

= d® d® . (5.17)
0000

Repeating this process we can eliminate the loop altogether, producing 5-vertex-
trees times bunches of 6-j coef cients. In thisway we have expressed the original
3n-j coef cientsin terms of 3(n-1)-j coef cientsand 6-j coef cients. Repeating
the process for the 3(n-1)-j coef cients, we eventually arrive at the result that

!
@Gn )= products of @ . (5.18)

5.3 WIGNER-ECKART THEOREM

For concreteness, consider an arbitrary invariant tensor with four indices:

T= g?\ , (5.19)

where , , and arereplabels, andindicesand line arrows are suppressed. Now
insert repeatedly the completenessrelation (5.8) to obtain

— 1
= J—
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In the last line we have used the orthonormality of projection operators  asin
(5.13) or (5.23).

Inthisway any invariant tensor can be reduced to a sum over clebsches (kinemat-
ics) weighted by reduced matrix elements:

T = @ . (5.21)

This theorem has many names, depending on how the indices are grouped. If T is
avector, then only the 1-dimensional reps (singlets) contribute

singlets
Ta= . (5.22)

a

If T isamatrix, and thereps , areirreducible, the theorem is called Schur’s
Lemma (for an irreducible rep an invariant matrix is either zero, or proportional to
the unit matrix):

1
TP = —<—Q—<— :d_[-EZ]_(_ . (5.23)

If T isan invariant tensor operator, then the theoremis called the Wigner-Eckart
theorem[345, 107]:

(Ti)g:aq_&:,: deq{r)__:}*c

= g —<-< (5.24)

(assumingthat  appearsonly oncein Kronecker product). If T hasmany in-
dices, asinour original example (5.19), thetheoremisascribed to Yutsis, Levinson,
and Vanagas [357]. The content of al these theoremsis that they reduce spectro-
scopic calculationsto evaluationof vacuumbubbles or reduced matrix elements
(5.22).

The rectangular matrices (C ) from (3.27) do not look very much like the
clebsches from the quantum mechanics textbooks; neither does the Wigner-Eckart
theorem in its birdtrack version (5.24). The difference is merely a difference of
notation. In the bra-ket formalism, aclebsch for 1 2 iswritten as

lem,
m—(—<E: = 1 2 m| 1M oMy . (525)
m,
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Representing the [d d ] rep of agroup element g diagrammatically by a black
triangle,

Dm,m Q) = m+ m, (5.26)

we can write the Clebsch-Gordan series (3.49) as

—4— <
—¢— - —<—>_‘_<—<—

Drim, (@D, m, (@)=

A

1My oMz 1 2 M Dy, (@) 1 2 M| amg om, .

,m,my

An invariant tensor operator can be written as

m
oMo Tl 1My = m2—2<—<§:ml. (5.27)
1

In the bra-ket formalism, the Wigner-Eckart theorem (5.24) is written as
2Ma[Ty| 1My = 1 2mpl m amy T(, 1 2), (5.28)

where the reduced matrix element is given by

1
T(, 1 2)=d— n 1Nyl 1 2n2  2no|Ty| 11

2 n1,nz,n

= . (5.29)

2

Wedonot ndthebra-ket formalism convenient for the group-theoretic cal culations
that will be discussed here.
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Permutations

The simplest example of invariant tensors is the products of Kronecker deltas. On
tensor spaces they represent index permutations. Thisis the way in which the sym-
metric group Sy, the group of permutations of p objects, enters into the theory of
tensor reps. In this chapter, | introduce birdtracks notation for permutations, sym-
metrizations and antisymmetrizations and collect a few results that will be useful
later on. These are the (anti)symmetrization expansion formulas (6.10) and (6.19),
Levi-Civita tensor relations (6.28) and (6.30), the characteristic equations (6.50),
and the invariance conditions (6.54) and (6.56). The theory of Young tableaux (or
plethysms) is developed in chapter 9.

6.1 SYMMETRIZATION

Operation of permuting tensor indicesis alinear operation, and we can represent it
byald d] matrix:

alaz...aq d dl
b1...bp ’cg...czcl ' (6.1)

As the covariant and contravariant indices have to be permuted separately, it is
suf cient to consider permutations of purely covariant tensors.

For 2-index tensors, there are two permutations:
identity: 1ap,%4 =

D azan = 5 5= > (6.2)

For 3-index tensors, there are six permutations:

—_——
b3b2b1 — bl b2 b3 = —

1a1a2a3 ' — a ax az
——
bgbobis — b2 b1 bz — ><

(12)31 azasz: — a a» az
——

———
@ Tk (9 T ><

(123):521 @1s2) = % (6.3

Subscripts refer to the standard permutation cycles notation. For the remainder of
this chapter we shall mostly omit the arrows on the Kronecker deltalines.
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The symmetric sum of all permutations,
1 LA #
bp...boby — b1 b b, b1 b b,
Salaz...apup = ai az--- a,p,+ a; a21"' a,pg+"'

p!

SZEE:$ :+><+%+ . (64

yieldsthe symmetrization operator S. Inbirdtrack notation, awhitebar drawn across
p lineswill always denote symmetrization of the lines crossed. A factor of 1/p! has
been introduced in order for S to satisfy the projection operator normalization

S2=S

il

A subset of indices az, ay, ... ag, § < p can be symmetrized by symmetrization
matrix Sio._q

bp...bg...bob1 —
(312...q)alaz...aq.....apa peetar B2 =
1
b1 bz b, b1 bz b bq+l
g e M

1
- 2
S12.9q= i:E q- (6.6)

Overall symmetrization also symmetrizes any subset of indices:

SS812.4=S

(6.7)

Any permutation has eigenvalue 1 on the symmetric tensor space:
S=S

EE -

Diagrammatically this means that legs can be crossed and uncrossed at will.
The de nition (6.4) of the symmetrization operator as the sum of all p! permuta-
tionsisinconvenient for explicit calculations; arecursivede nition is more useful:

S by byby — 1 big b2 4 big bp.-b2 4 %
ajaz...aps = B a;Vaz...ap a,Vaias...ap; ce
1& ?
S== 1+ opn+ @up+...+ .31 S23.p

S SESERE . e

ap
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which involvesonly p terms. This equation saysthat if we start with the rst index,
we end up either with the rst index, or the second index and so on. The remaining
indices are fully symmetric. Multiplying by Sos ... p from the left, we obtain an
even more compact recursion relation with two terms only:

C D
_1
%E =3 iE +(p 1)% . (6.10)

As a simple application, consider computation of a contraction of a single pair of
indices:

bl...bp 1ap:n+p 1

Sap 1.4, T (6.11)

Sapap 1...A11

For acontractionin (p k) pairs of indices, we have

_(n+p DK
T pl(n+k ) Ke——"
|

Thetrace of the symmetrization operator yiel ds the number of independent compo-
nents of fully symmetric tensors:

o — _h+p 1 _(h+p 1!
dstrS@p = oL 619

For example, for 2-index symmetric tensors,
ds =n(n+1)/2. (6.14)

(6.12)

6.2 ANTISYMMETRIZATION

The alternating sum of all permutations,

LA t[
1
A bp...b2b1 — by bz b by b2 bp 4
aiaz...ap» P - p' ap az " - a,p, a ap " a’; e

[
A:%:a — == L, 6D
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yieldsthe antisymmetrization projection operator A. In birdtrack notation, antisym-
metrization of p lineswill always be denoted by a black bar drawn across the lines.
Asin the previous section

(6.16)

s
M

and in addition
SA=0

i
£

A transposition has eigenvalue 1 on the antisymmetric tensor space

=0. (6.17)

Hl

Ghi+nA=

A
f: f (619

Diagrammatically this means that legs can be crossed and uncrossed at will, but
with afactor of 1 for atransposition of any two neighboring legs.

Asinthe case of symmetrization operators, the recursivede nitionis often com-
putationally convenient

F FETE
=2 =4 © 1)ﬁ . (6.19)

Thisisuseful for computing contractions such as

n p+1

p
The number of independent components of fully antisymmetric tensorsis given by

b1...bp 1a —

Any 1oyt (6.20)

Aaap 1...A171

n p+1ln p+2
p p1

dA=trA = =

|3

_ wmmie NOD

07 < (6.21)
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For example, for 2-index anti symmetric tensors the number of independent compo-
nentsis

do = L (6.22)

Tracing (p  K) pairsof indicesyields

_ K@ k)
pi(n  p)! "I

Theantisymmetrizationtensor A, a,...,% P22 has nonvani shing components, only
if all lower (or upper) indices differ from each other. If the de ning dimension is
smaller than the number of indices, the tensor A has no honvanishing components:

1
2I =0 ifp>n. (6.24)
p

Thisidentity impliesthat for p > n, not all combinations of p Kronecker deltas are
linearly independent. A typical relationisthep = n + 1 case

OZH-|I1: H H“LLlH (6.25)

f
b

(6.23)

For example, for n = 2 we have

XX

d f e
c a c

f e d

n=2:

a b c

0
_ f e fed e d fed fed
O_ab b bac+ cat can c b a-

6.3 LEVI-CIVITA TENSOR

An antisymmetric tensor, with n indices in de ning dimension n, has only one
independent component (d, = 1 by (6.21)). The clebsches (4.17) are in this case
proportional to the Levi-Civita tensor:

(CA)]_ ’an...azalzc an...azai — E::
al
(CA)asar. an =C araz.an = ""Zﬂ : (6.27)

with 2" = |, | = 1. Thisdiagrammatic notationfor theL evi-Civitatensor was
introduced by Penrose [ 280]. The normalization factors C are physically irrelevant.
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They adjust the phase and the overall normalization in order that the Levi-Civita
tensors satisfy the projection operator (4.18) and orthonormality (4.19) conditions:

1
m b1bs...bn

1
m a1az...an az.-8n — 1n =1, ﬁ =1. (6.28)

With our conventions,

aiaz...an — an...aza
142 n_/A\blb2 bn'n 241

in(n 1)/2
cC=———. (6.29)
n!

The phase factor arises from the hermiticity condition (4.15) for clebsches (remem-
ber that indices are aways read in the counterclockwise order around a diagram),

ﬂE

azapg.. an an...azaz
Transposing the indices
= ( 1)n(n 1)/2

ajas...an — arai...an —

yields = n(n 1)/2. Thefactor 1/ n! is needed for the projection operator
normalization (3.50).
Given n dimensions we cannot label more than n indices, so Levi-Civitatensors

satisfy
o=.|.'H:|.. (6.30)
wrotm e n\y

0— a bc b ac + c (6-31)

This is actually the same as the completeness relation (6.28), as can be seen by
contracting (6.31) with ¢4 and using

=

=0, (6.32)

This relation is one of a series of relations obtained by contracting indices in the
completeness relation (6.28) and substituting (6.23):

an...Ak+18k...81 — ai...a
an...ak+1bk..br ks l_k!(n k)!Abk---bl' K

anp...azaj

For example, for
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k)!
— flf . (6.33)
Such identities are familiar from relativistic calculations (n = 4):
abcd agfe — Scfde ) abcd abfe = Ig
abcd abce =6 e , abed abcd — 24' (634)
where the generalized Kronecker deltais de ned by
B b2b (6.35)

L obiboby — o
p| aiaz...ap aiaz...ap:

6.4 DETERMINANTS

Consider an [nP nP] matrix M de ned by adirect product of [N n] matrices
M3
M = Malaz...ap,bp"'bzbl = Mgngz .. Mabs
— —,—  ——<—e
M="F M T ="+, (6.36)
—— —_— <
where
ML = e’ (6.37)
The trace of the antisymmetric projectionof M isgiven by
trp AM =Agpe g% €22 M2MP ... M§
(6.38)

The subscript p on trp(...) distinguishes the traceson [nP  nP] matrices M
fromthe[n n]matrix tracetr M. To derivearecursiveevaluationrulefor tr , AM,

use (6.19) to obtain
—_—

T
1) . (6.39)

Il
Tl

~

o
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Iteration yields
MP
€ < <} —
{>
{> {>
{> {>
(6.40)

Contracting with M2, we obtain

trpAM_B ( 1) L (trp kAM)trM¥. (6.41)
k=1

Thisformulaenables usto computerecursively all trp, AM as polynomialsin traces
of powersof M:

trrAM =1, triAM = C) =trM (6.42)

100 O

19 » L%
tr, AM = > (trM)= trM (6.43)
e D,
3. (D

O

%
trsAM == (tr M)®  3(trM)(trM?) +2 trm?3 (6.44)

= )
v ) D
=7 @ 5 o)
1$
try AM = (trM)*  6(tr M) trM?
; %
+3(trM?)?2+8trM3trM 6 trM* . (6.45)
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Forp =n (M2 are[n n] matrices) the antisymmetrized trace is the determinant
detM = trn AM = Ag,a, a,,"" 2 MPIMEZ . M2, (6.46)
Thecoef cientsintheaboveexpansionsaresimplecombinatoric numbers. A general
termfor (trM ) 1ees(trM s) s, with 1 loopsof length 3, > loopsof length
2 and so on, isdivided by the number of waysin whichthis pattern may be obtained:

12l ol gl (6.47)

6.5 CHARACTERISTIC EQUATIONS

We have noted that the dimension of the antisymmetric tensor space is zero for
n < p. Thisisrather obvious; antisymmetrization allows each label to be used at
most once, and it isimpossible to label more legs than there are labels. In terms of
the antisymmetrization operator thisis given by the identity

A=0 if p>n. (6.48)
This trivial identity has an important consequence: it guarantees that any [n n]
matrix satis esacharacteristic (or Hamilton-Cayley or secular) equation. Takep =
n + 1 and contract with M 2 n index pairsof A:
Acalaz...an,bn'"bzbld MballMt?: e Mt?n" =0

c d
<
<

@ =0. (6.49)

We have already expandedthisin (6.40). For p = n+ 1 weobtain the characteristic

equation
n

0= ( DX{rn KAM)MK, (6.50)
k=0
=M" (trM)M"™ 1+ (tr, AM)M™ 2 4+ ( 1)"(detM)1.

6.6 FULLY (ANTI)SYMMETRIC TENSORS

We shall denote afully symmetric tensor by asmall circle (white dot)

dabe..f = S (6.51)
abec..d
A symmetric tensor dape...d = dbac...d = Jacp..da = ... Satis es
Sd=d

:r ( 1 \ . (6.52)
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If thistensor isalso aninvariant tensor, theinvariancecondition ( 4.36) can bewritten

as
0::5+j5+$: \>+§+$
:pajé (p = number of indices) . (6.53)

Hence, the invariance condition for symmetric tensorsis

0= . (6.54)

The fully antisymmetric tensors with odd numbers of legs will be denoted by
black dots

fabc..d = ) (6.55)

abc.d
with the invariance condition stated compactly as

0= . (6.56)

If the number of legsis even, an antisymmetric tensor is anticyclic,
Tabe..d = Toc..da, (6.57)

and the birdtrack notation must distinguish the rst leg. A black dot is inadequate
for the purpose. A bar, as for the Levi-Civita tensor (6.27), or a semicircle for the
symplecticinvariantintroduced below in (12.3), and fully skew-symmetricinvariant
tensorsinvestigated in (15.27)

fab.c — m fop o= m (6.58)

or asimilar notation xes the problem.

6.7 IDENTICALLY VANISHING TENSORS

Noting that agiven group-theoreticweight vanishesidenticallyis often an important
step in abirdtrack calculation. Some examples are

(6.59)

e b
T s e
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Ingraphtheory [ 267, 293] theleft graphin (6.59) isknown asthe Kuratowsky graph,
and the right graphin (6.60) as the Peterson graph.

.H 0, EE q (6.61)

(6.62)

Py

The above identities hold for any antisymmetric 3-index tensor; in particular, they
hold for the Lie algebra structure constants iCjjx. They are proven by mapping a
diagram into itself by index transpositions. For example, interchange of the top and
bottom verticesin (6.59) maps the diagram into itself, but with the ( 1)° factor.
From the Lie algebra (4.47) it also follows that for any irreducible rep we have

ﬁz =0, /@:o. (6.64)
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Chapter Seven

Casimir operators

The construction of invariance groups, developed elsewhere in this monograph, is
self-contained, and none of the material covered in this chapter is necessary for
understanding the remainder of the monograph. We have argued in section 5.2 that
all relevant group-theoretic numbers are given by vacuum bubbles (reduced matrix
elements, 3n-j coef cients, etc.), and we have described the algorithms for their
evaluation. That is all that isreally needed in applications.

However, one often wants to cross-check one s calculation against the existing
literature. Inthischapter wediscusswhy and how oneintroducescasimirs(or Dynkin
indices), we construct independent Casimir operators for the classical groups and

nally we compile values of afew frequently used casimirs.

Our approach emphasizes the role of primitive invariants in constructing reps
of Lie groups. Given a list of primitives, we present a systematic algorithm for
constructing invariant matrices M; and the associated projection operators ( 3.48).

In the canonical, Cartan-Killing approach one faces a somewhat different prob-
lem. Instead of the primitives, oneis given the generators T ; explicitly and no other
invariants. Hence, the invariant matrices M; can be constructed only from contrac-
tions of generators; typical examples are matrices

My = e | M4=ﬁ, (7.1)

where , could be any reps, reducible or irreducible. Such invariant matrices are
called Casimir operators.

What is a minimal set of Casimir operators, suf cient to reduce any rep to its
irreducible subspaces? Such sets can be useful, as the corresponding r Casimir
operators uniquely label eachirreduciblerep by their eigenvalues 1, 2,... r.

Theinvariance condition for any invariant matrix (3.31) is

0=[Ti,M] = <% <%

so all Casimir operators commute

MoMy, = ﬂ ; = ; ﬂ = M4M,, etc.,

and, according to section 3.6, can be used to simultaneously decompose the rep
If M1, M2, ... have been used in the construction of projection operators ( 3.48),
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any matrix polynomia f(M1, M, ...) takesvaluef( 1, »2,...) ontheirreducible
subspace projected by Pj, so polynomiasin M; induce no further decompositions.
Hence, itissuf cient to determinethe nite number of M; sthat form apolynomial
basisfor al Casimir operators(7.1). Furthermore, asweshow inthenext section, itis
suf cienttorestrict the consideration to the symmetrized casimirs. Thisobservation
enables us to explicitly construct, in section 7.2, a set of independent casimirs for
each classical group.

Exceptional groupspose amoredif cult challenge, partially met herein apiece-
meal fashion in chapters on each of the exceptional groups. For a de nitive, sys-
tematic calculation of all casimirsfor all simple Lie groups, consult van Ritbergen,
Schellekens, and Vermaseren [ 294].

7.1 CASIMIRSAND LIE ALGEBRA

There is no general agreement on a unique de nition of a Casimir operator. We
could choose to call the trace of a product of k generators

tr(TiTj e Tk) =- , (7-2)

akth order casimir. With such de nition,
i k

tr(TiTi... Tw) = @/

would also be acasimir, independent of the rst one. However, all tracesof T; sthat
differ by a permutation of indices are related by Lie algebra. For example,

e

Thelast terminvolvesa(k-1)th order casimir andisantisymmetricinthei, j indices.
Only the fully symmetrized traces

1
hij...k = tr(TiTj LTy = (7.9)
" perm
are not affected by the Lie algebrarelations. Hence from now on, we shall use the
term casimir to denote symmetrized traces (ref. [ 248] follows the same usage,

for example). Any unsymmetrized trace tr(T;Tj ... Ti) can be expressed in terms
of the symmetrized traces. For example, using the symmetric group identity (see

gure 9.1)
[[RERE IR A
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the Jacobi identity (4.48) and the d;j« de nition (9.87), we can express the trace of
four generatorsin any rep of any semisimple Lie group in terms of the quartic and
cubic casimirs:

=524+ 4714 T4

In this way, an arbitrary kth order trace can be written as a sum over tree contrac-
tions of casimirs. The symmetrized casimirs (7.4) are conveniently manipulated as
monomial coef cients:
tl’xk:hij___mXin ... Xm- (7.7)
Forarep ,Xisald d ]matrix X = X;T;,wherex;isanarbitrary N -dimensional
vector. We shall also use a birdtrack notation (6.37):
i
Xa" = ~——, = xia—l— . (7.8)

b
The symmetrization (7.4) is automatic

rxk=C_" )= ﬁxixj...xk= XiXj ... Xk . (7.9)
ijeok ik ijeo !

7.2 INDEPENDENT CASIMIRS

Not all tr XX are independent. For an n-dimensional rep atypical relation relating
various tr XK is the characteristic equation (6.50):

XM= (trX)X" 1 (tr AX)X" 2+ .. —(det X). (7.10)
Scalar coef cientstri AX arepolynomiasintr X™, computedin section 6.4. The
characteristic equation enables usto expressany XP,p  n interms of the matrix
powers XX, k < n and the scalar coef cientstr XX,k  n. Therefore, if agroup
has an n-dimensional rep, it has at most n independent casimirs,

HEE-2

corresponding to tr X, tr X2, tr X3, ... tr X",

For asimple Lie group, the number of independent casimirsis called the rank of
thegroup andisawayssmaller than n, the dimension of thelowest-dimensional rep.
For example, for al simple groupstr T; = 0, the rst casimir is always identically
zero. For thisreason, therank of SU(n) isn 1, and theindependent casimirs are

sU(n): 9 Q @ Q (7.12)




GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

64 CHAPTER 7

Thede ningrepsof SO(n), Sp(n), G2, F4, E7 and Eg groupshaveaninvertible
bilinear invariant gap, either symmetric or skew-symmetric. Inserting & = gapg®®
any placeinatraceof k generators, and moving thetensor g o throughthe generators
by means of theinvariance condition (10.5), we can reversethe de ning rep arrow:

Hence for the above groups, tr X ¥ = 0 for k odd, and all their casimirs are of even
order.

The odd and the even-dimensional orthogonal groups differ in the orders of in-
dependent casimirs. For n = 2r + 1, there are r independent casimirs

SOo@r+1): 9 @ Q (7.13)

For n = 2r, a symmetric invariant can be formed by contracting r de ning reps
with aLevi-Civitatensor (the adjoint projection operator ( 10.13) is antisymmetric):

L) =T o (7.14)

tr X2 is not independent, as by (6.28), it is contained in the expansion of I (x)?

(7.15)

Hence, the r independent casimirs for even-dimensional orthogonal groups are

SO(2r) : , . , . (7.16)

FTTT I \
1222 1 2.rx

For Sp(2r) there are no special relations, and the r independent casimirs are
trx® o<l r;

Sp(2r) : (7.17)

\
HH H\
- 2r

The characteristic equation (7.10), by means of WhICh we count the independent
casimirs, applies to the lowest-dimensional rep of the group, and one might worry
that other reps might be characterized by further independent casimirs. The answer
isno; al casimirs can be expressed in terms of the de ning rep. For SU (n), Sp(n)
and SO(n) tensor reps this is obvious from the explicit form of the generatorsin
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Ar 2,3 ,r+1 SU(r+1)
Br 2,46, ,2r SO(2r +1)
Cr 2,46, ,2r Sp(2r)
D 2,4 ,2r 2,r SO(2r)
G, 2,6
Fs 26,8 12
Es 2,568, 09 12
E; 2,6, 8, 10, 12, 14, 18
Es 2, 8, 12, 14, 18, 20, 24, 30

Table 7.1 Betti numbers for the simple Lie groups.

higher reps (see section 9.4 and related results for Sp(n) and SO(n)); they are
tensor products of the de ning rep generators and Kronecker deltas, and a higher
rep casimir always reduces to sums of the de ning rep casimirs, times polynomials
in N (see examples of section 9.7).

For the exceptional groups, cubic and higher de ning rep invariants enter, and
the situation is not so trivial. We shall show below, by explicit computation, that
tr X2 = 0 for Eg and tr X* = c¢(tr X?)? for al exceptional groups. We shall also
prove the reduction to the 2nd- and 6th-order casimirs for G, in section 16.4 and
partially provethereductionfor other exceptional groupsin section 18.8. Theorders
of al independent casimirsare known [ 30, 288, 134, 54] asthe Betti numbers, listed
here in table 7.1. There are too many papers on computation of casimirs to even
attempt a survey here; we recommend ref. [ 294].

7.3 ADJOINT REP CASIMIRS

For simple Lie algebras the Cartan-Killing bilinear form (4.41) is proportional to

ij, S0 by the argument of (7.12) all adjoint rep casimirs are even. In addition, the
Jacobi identity (4.48) relates aloop to asymmetrized trace together with aset of tree
contractions of lower casimirs, linearly indepenent under applications of the Jacobi
identity. For example, we have from (7.6)

X=N

The numbers of linearly independent tree contractions are discussed in ref. [ 73].
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74 CASIMIR OPERATORS

Most physicists would not refer to tr XK as a casimir. Casimir s [49] quadratic
operator and its generalizations[288] are[d  d ] matrices:

(1) = =[tr (Te... TiTHI(TiTy ... T (7.19)

12-p

We have shown in section 5.2 that all invariants are reducible to 6j coef cients.
I, sare particularly easy to expressin terms of 6j s. De ne

My, = , =1,..., d, ab=12,..., d . (7.20)
a——o©b
Inserting the complete Clebsch-Gordan series (5.8) for , We obtain

M = W: @M (7.21)

Theeigenvaluesof M areWigner s6j coef cients(5.15). Itiscustomary to express
these 6j sintermsof quadratic Casimir operators by using theinvariance condition

(4.40):
Co( )——=Cy( )— 2—«@—(— +Cy( )——. (7.22)

Thisisan ancient formulafamiliar from quantum mechanics textbooks: if the total
angular momentumisJ = L +S,thenL+S = 3(J?2 L? S2).Inthe present
case we trace both sides to obtain

diég: %{cz( ) Ca() Ca()}. (7.23)

The pth order casimir isthus[255]
(Ip)a = (M p)ab

irreduc.

= Ca() Ca() Cz()p-‘Q_
> :

If isanirreduciblerep, (5.23) yields

o

=
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andthe repeigenvalueof I, isgiven by
Ca() Ca() Ca() P
2
Here the sum goes over all ,where ; and areirreduciblereps.
Another de nition of the generalized Casimir operator, in the spirit of ( 7.4), uses
the fully symmetrized trace:

d . (7.24)

=1 =h()igk(TiT - T3 (7.25)

We shall return to thisde nition in the next section.

7.5 DYNKIN INDICES

As we have seen so far, there are many ways of de ning casimirs; in practiceit is
usually quicker to directly evaluate a given birdtrack diagram than to relate it to
somebody s standard casimirs. Still, it isgood to have an established convention,
if for no other reason than to be able to cross-check one s calculation against the
tabulations available in the literature.

Usually arepisspeci ed by its dimension. If the group has several inequivalent
reps with the same dimensions, further numbers are needed to uniquely determine
the rep. Specifying the Dynkinindex [ 104],

_ ® _tr (TiTy) (7.26)

B tr(CiCy) ’

usually (but not always) doesthejob. A Dynkinindex iseasy to evaluate by birdtrack
methods. By the Lie algebra (4.47), thede ning rep Dynkinindex isrelated to a6j
coef cient:

1:%:;’\] O O =¥ %%@ (7.27)

The6j coef cient @ = tr(T;T;T;T;) is evaluated by the usual birdtrack tricks.

For SU(n), for example

_ 1 . n? 1
OB -t o

The Dynkinindex of arep inthe Clebsch-Gordan series for isrelated to
a6j coef cient by (7.23):

1
/d = /d + /d +2Nd_é,§' (7.29)
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suU(n):

OO 2+ =x
so(n): = (n 8)}fji+><+}<+) (+  +x
o0 () o) (o
so@ =4 ) (

Sp(n):

suU(n): :2n%+6%

SO(n): =(n 8) + 3[%:%
o

Sp(n): =(n+8) +3

Table 7.2 (Top) Expansionsof theadjoint rep quartic casimirsintermsof thede ningrep, and
(bottom) reduction of adjoint quartic casimirsto the de ning rep quartic casimirs,
for the classical simple Lie algebras. The normalization (7.38) issettoa = 1.

We shall usually evaluate Dynkin indices by this relation. Another convenient
formulafor evaluation of Dynkin indices for semisimple groupsis

_tr X2
- trAXZ'

with X de nedin section 6.7. An application of thisformulais givenin section 9.7.
The form of the Dynkin index is motivated by afew simple considerations. First,

we want an invariant number, so we trace all indices. Second, we want a pure,
normalization independent number, so we take aratio. tr(C;C;) is the natural nor-
malization scale, asal groups have the adjoint rep. Furthermore, unlike the Casimir
operators (7.19), which have single eigenvalues 1 ,( ) only for irreduciblereps, the
Dynkin index is a pure number for both reducible and irreducible reps. [Exercise:

compute the Dynkin index for U (n).]

The above criterialead to the Dynkin index as the unique group-theoretic scalar
corresponding to the quadratic Casimir operator. The choice of group-theoretic
scalars corresponding to higher casimirs is rather more arbitrary. Consider the re-
ductionsof 14 for the adjoint reps, tabulated intable 7.2. (The SU (n) was eval uated

(7.30)
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as an introductory example, section 2.2. The remaining examples are evaluated by
inserting the appropriate adjoint projection operators, derived below.)

Quartic casimirs contain quadratic bits, and in general, expansionsof h( ) sin
terms of the de ning rep will contain lower-order casimirs. To construct the pure
pth order casimirs, we introduce

N M-8R
m%,@g o

m:%w@@mm@,

[ ]
[TTTTI
and xtheconstants A, B, C, ... by requiring that these casimirs are orthogonal:

@ézo, @ézo, (7.32)

Now we can de nethe generalized or orthogonal Dynkin indices[ 259, 294] by

p0()=)=d. p@)=0)

1
p
D®( ):@, ..., D®()y = 2@ : (7.33)
3~
wherethethick linestandsfor rep. Herewehavechosennormalizationtr(C;C;) =
1.

Thegeneralized Dynkinindicesarenot particularly convenient or natural fromthe
computational point of view (seeref. [ 294] for discussion of indicesin orthogonal
basis ) but they do have some nice properties. For example (as we shall show later
on), the exceptional groupstr X4 = C(tr X?)? aresingled out by D™ = 0.

If isaKronecker product of two reps, = , the generalized Dynkin

indices satisfy @ :@ Op+0p®’

D®()=D®( )d +d DP()>0, (7.34)

as the cross terms vanish by the orthonormality conditions ( 7.32). Substituting the
completenessrelation (5.7), = , we obtain afamily of sumrulesfor the
generalized Dynkin indices:

@: DP()Yy=D®()d +d DP(). (7.35)
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Forp =2 thisisa = sum rule for Dynkin indices (7.28)
d +d = , (7.36)

useful in checking Clebsch-Gordan decompositions.

7.6 QUADRATIC, CUBIC CASIMIRS

As the low-order Casimir operators appear so often in physics, it is useful to list
them and their relations.
Given two generators T;, Tj in[n n] rep , there are only two ways to form a

loop:
{}, LD

If the repisirreducible, wede neCg casimir as

LN —Cr —<

(TiT)a=Cr 2. (7.37)
If the adjoint rep isirreducible, we de ne

trTiTj=a jj. (7.38)

Usually wetake tobethede ningrepand x theoverall normalization by taking
a = 1. For the adjoint rep (dimension N ), we use notation

?()ﬁ- = Cix Cjk =Ca- L (7.39)

Existence of the quadratic Casimir operator C 4 isanecessary and suf cient condi-
tion that the Lie algebrais semisimple[ 10, 104, 273]. For compact groupsCa > 0.
Ck,a,Ca, and , the Dynkinindex (7.28), arerelated by tracing the above expres-
sions:

@anFZNaZNCA. (7.40)

While the Dynkin index is normalization independent, one of Cg,a or Ca hasto
be xed by aconvention. The cubic invariantsformed from T ; sand Cjjk sare (all
but one) reducible to the quadratic Casimir operators:

= ﬂ & J_ (7.41)

= { (7.42)

2
Ca
/A\ e /K (7.43)
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Thisfollows from the Lie algebra (4.47)

e
-

The one exception is the symmetrized third-order casimir

%dijk:/l\ % ﬁ+ﬁ : (7.44)

By (7.12) thisvanishesfor al groupswhosede ningrepisnot complex. That leaves
behind only SU(n),n 3 and Ee. Aswe shall show in section 18.6, djjk = O for
Eg, so only SU (n) groups have nonvanishing cubic casimirs.

7.7 QUARTIC CASIMIRS

Thereis no unique de nition of a quartic casimir. Any group-theoretic weight that

contains atrace of four generators
}::i (7.45)

can be called aquartic casimir. For example, a4-loop contribution to the QCD

function

contains two quartic casimirs. This weight cannot be expressed as a function of
quadratic casimirs and has to be computed separately for each rep and each group.
For example, such quartic casimirs need to be evaluated for the purpose of classi -
cation of grand uni ed theories [ 255], weak coupling expansionsin lattice gauge
theories[80] and the classi cation of reps of simple Lie algebras[ 234].

Not every birdtrack diagram that contains a trace of four generatorsis a genuine

quartic casimir. For example,
m (7.47)
OO (7.48)

andequals %aci forasimpleLieagebra. However, if al loopscontainfour vertices
or more, Lie algebra cannot be used to reduce the diagram. For example,

isreducibleby (7.42) to
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s 024
N @ a(F)

SuU(n): % 2n

SO(n): m“;l‘,?((r:f—n‘%‘:‘)” n 8

Sp(n): %# n+8
Normalization: =

Table 7.4 Quartic Dynkin indices (7.33) for the de ning and the adjoint reps of classical
groups. For the exceptional groups the quartic Dynkin indices vanish identically.

The second diagram on the right-hand side is reducible, but the rst one is not.
Hence, at least one quartic casimir from afamily of quartic casimirsrelated by Lie
algebra has to be evaluated directly. For the classical groups, this is a straightfor-
ward application of the birdtrack reduction algorithms. For example, for SU (n) we
worked this out in section 2.2.

Theresultsfor the de ning and adjoint reps of all smpleLiegroupsarelisted in
table 7.3. In table 7.4 we have used the results of table 7.3 to compute the quartic
Dynkin indices (7.33). These computations were carried out by the methods that
will be developed in the remainder of this monograph.

7.8 SUNDRY RELATIONS BETWEEN QUARTIC CASIMIRS

In evaluations of group theory weights, the following reduction of a 2-adjoint, 2-
de ningindices quartic casimir is often very convenient:

>>< —a 4B %:ﬁ , (7.50)

where the constants A and B are listed in table 7.5.
For the exceptional groups, the calculation of quartic casimirsisvery simple. As
mentioned above, the exceptional groups have no genuine quartic casimirs, as

tr X4 =h(tr X?)?

% =b gzg . (7.51)
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The constantis xed by contracting with U U :

-3 1
" N(N +2)a?

Hence, for the exceptional groups

C
1

1
N N+2 N

. 25

1 . N+27
N

@g@@@]@

=Chi—-—
A12(N +2)’

A12(N +2)°

CHAPTER 7
=3 N 1Ca
N(N+2) n 6 a
(7.53)
(7.54)

Here the third relation follows from the second by the Lie algebra
To facilitate such computations, we list aselection of relations between various

quartic casimirs (using normalizati on

S

I\)IH

= a—) forirreducible reps

The cubic casimir @D is nonvanishingonly for SU(n),n 3.

@ N CE\ a2 (7.55)
_ A NC2
— @ 2% A aZ. (7.56)
NC2
1 2A (7.57)
O
] [

=
&
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%

b

su(n)

so(n)

Sp(n)

G2(7)

F4(26)

Ee(27)

E~(56)

v O
nZ 1 2n
D (n+2)
14 4
52 33—
78 4
133 3

=1

N[

N[

1
2
8
9

7
8

{ aZU
Y
‘ 2
> a
azu a
.
aZU a
sl
e\
El +a
aZUSa
‘ 24 T

Table 7.5 Thedimension N of the adjoint rep, the quadratic casimir of the adjoint rep 1/ ,
the vertex casimir Cy and the quartic casimir (7.50) for the de ning rep of all

simple Lie algebras.
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Ar 1 2 3 nln SU(n+1)
B, tz23 ntip So(@2n + 1)
Cr 1 2 3 niln Sp(2n)

n:
D, 453 % so(2n)
n
G, 12
F, 1 2 3 4
6
E6 O—O—I—O—Q
1 2 ; 4 5

S S

123436

Es
1 23 456 7

Table 7.6 Dynkin diagrams for the simple Lie groups.

1 1 N Ca
i —@ce+o)== 2 (7.59)
N =2c3 (7.60)

7.9 DYNKIN LABELS

Why are they called Dynkin diagrams?"

H. S. M. Coxeter [67]
It is standard to identify a rep of a simple group of rank r by its Dynkin labels,
a set of r integers (a1az ... ar) assigned to the simple roots of the group by the
Dynkin diagrams. The Dynkin diagrams (table 7.6) are the most concise summary
of the Cartan-Killing construction of semisimple Lie algebras. We list them here
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only tofacilitatetheidenti cation of the repsand do not attempt to derive or explain
them. In this monograph, we emphasize the tensorial techniques for constructing
irreps. Dynkin s canonical construction is described in refs. [ 312, 126]. However,
in order to help the reader connect the two approaches, we will state the correspon-
dence between the tensor reps (identi  ed by the Young tableaux) and the canonical
reps (identi ed by the Dynkin labels) for each group separately, in the appropriate
chapters.
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Chapter Eight

Group integrals

In this chapter we discuss evaluation of group integrals of form
dg GG ... G%¢GYy,, (8.1)

where G,” isa[n n] de ning matrix repof g G, G is the matrix rep of the
action of g on the conjugate vector space, which we write asin (3.12),

G% = (G »?,
and the integration is over the entire range of g. As always, we assume that G is
a compact Lie group, and G,? is unitary. Such integrals are of import for certain
guantum eld theory calculations, and the chapter should probably be skipped by
a reader not interested in such applications. The integral (8.1) is de ned by two
requirements:
1. Normalization:

dg=1. (8.2)

2. Theactionof g G istorotate avector X, into X, = GaPxyp:

— Y =
Surface traced out by action of G

for al possible group elements

The averaging smears X in all directions, hence the second integration rule,
dgG." =0, G isanontrivial repof g, (8.3)

simply states that the average of avector is zero.

A repistrivial if G = 1 for al group elements g. In this case no averaging is
taking place, and the rst integrationrule (8.2) applies.

What happensif we average apair of vectorsx, y? Thereis no reason why apair
should average to zero; for example, we know that [X]? = X X5 = XaX? is
invariant, so it cannot have avanishing average. Therefore, in general,

dg Ga"G®y = 0. (8.4)
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8.1 GROUPINTEGRALSFOR ARBITRARY REPS

To get afeeling of what the right-hand side of (8.4) looks like, let us work out an
SU(n) example.

Let G, bethede ning[n n]matrix repof SU (n). Thede ningrepisnontrivial,
soitaveragestozeroby (8.3). The rst nonvanishing averageinvolvesG , thematrix
rep of the action of g on the conjugate vector space. As we shall soon haveto face
alot of indices, we immediately resort to birdtracks. In the birdtracks notation of
section 4.1,

G’ =a——}F—b, G¥ =a-—}>b. (8.5)

For G the arrows and the triangle point the same way, while for G they point the
opposite way. Unitarity G G = 1 isgiven by

P = e = ——— . (8.6)
In this notation, the GG integral to be evaluated is
T a—e—(—ed

dg . (8.7)
b >—f——c

As in the SU (n) example of section 2.2, theV  V tensors decompose into the
singlet and the adjoint rep

- %>C + }C 838)
R LAY

Wemultiply (8.7) with the above decomposition of theidentity. Theunitarity relation
(8.7) eliminates G s from the singlet:

D :%) C+m 89)

The generators T; areinvariant (see (4.47)):
(T)§ =G% Gy’ Gii (Ti)§ . (8.10)
where Gjj istheadjoint [N N] matrixrepof g G. Multiplyingby (G 1)ij, we

obtain
} = % (8.11)

Hence, thepair GG inthede ningrep canbetradedinfor asingle G in the adjoint

rep,
j :%} C+ D (8.12)

Theadjointrep Gjj isnontrivial, soit getsaveraged to zero by (8.3). Only thesinglet
survives:

dg G.9GP. =

oQ
oo

dg (8.13)

|
ol Ol

W
M

I
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Now let G beany [d d] irrep of a compact semisimple Lie group. Irreducibility
means that any [d d] invariant tensor AZ is proportional to 2 (otherwise one
could use A to construct projection operators of section 3.5 and decompose the
d-dimensional rep). Asthe only bilinear invariantis 2, the Clebsch-Gordan

1 nonsinglets
-y~ :):C (8.14)

series contains one and only one singlet. Only the singlet survives the group av-
eraging, and (8.13) is true for any [d d] irreducible rep (with n d). If we
take G¢ ) and G¢ )4¢ ininequivalent reps , (thereis no matrix K such that
GO) =KGOIK Iforalg G),thenthereisnoway of forming asinglet, and

dgG .96y, =0 if = . (8.15)

What happensif G isareduciblerep? In the compact index notation of section 3.2,
the group integral (8.1) that we want to evaluateis given by

dgG . (8.16)
A reducible rep can be expanded in a Clebsch-Gordan series (3.60)

dgG= C dgG C . (8.17)

By the second integration rule (8.3), all nonsinglet reps average to zero, and one is
left with a sum over singlet projection operators:

dgG = cc = P . (8.18)

singlets singlets

Group integration amounts to projecting out all singletsin agiven Kronecker prod-
uct. Wenow esh out thelogicthat led to (8.18) with afew details. For concreteness,
consider the Clebsch-Gordan series (5.8) for = . Each clebsch

(Ca' = :D—«— i (8.19)

isan invariant tensor (see (4.39)):
Caci =Ga* G° Gii Cac :

D-<- = 2)—»« . (8.20)

Multiplying with GC) from right, we obtain the rule for the propagation of g

throughthe vertex C:

Cac' Gi '=Ga2 GC Cac . (8.21)
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Inthisway, G{ 7G( ) can be written as a Clebsch-Gordan series, each term with a
single matrix G¢ ) (see (5.8)):

- dg—q—<—2' g é—M

= (C)a'(C)® dgG ). (8.22)

Clebschesareinvariant tensors, so they are untouched by group integration. I ntegral
over GO)GC) reducesto clebsches timesintegrals:

i Afor singlet

dg GO = Ofor nonsinglet (8.23)

Nontrivial reps average to zero, yielding (8.18). We have gone into considerable

detail in deriving (8.22) in order to motivate the sum-over-the-singlets projection

operators rule (8.18). Clebsches were used in the above derivations for purely ped-
agogical reasons; al that is actually needed are the singlet projection operators.

8.2 CHARACTERS

Physics calculations (such as lattice gauge theories) often involve group-invariant
quantitiesformed by contracting G with invariant tensors. Such invariantsare of the
form tr(hG) = h,2G,P, where h stands for any invariant tensor. The trace of an
irreducible[d d] matrixrep of g iscalled the character of the rep:

(@) =trGO) =G0 2, (8.24)
The character of the conjugaterepis
@ =trcO) =63, = (g) . (8.25)

Contracting (8.14) with two arbitrary invariant [d  d] tensors hq® and (f ),°, we
obtain the character orthonormality relation:

dg (hg) (9F)= di (hf) (8.26)

- @ 1 , irreducible

d reps

The character orthonormality tells usthat if two group-invariant quantities share a
GG pair, the group averaging sewsthem into asingle group-invariant quantity. The
replacement of G,® by the character ~ (h g) does not mean that any of the tensor
index structureislost; G,” can be recovered by differentiating

G’ = -1 (hg). (8.27)

dhp2

The birdtracks and the characters are two equivalent notations for eval uating group
integrals.
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8.3 EXAMPLES OF GROUP INTEGRALS

Wewill illustrate (8.18) by two examples: SU (n) integralsover GG and GGG G .
A product of two G sisdrawn as

a—<}—Db
GaG.Y = . (8.28)
¢ —}—d

G sareactingon V ? tensor space, which is decomposable by (9.4) into the sym-
metric and the antisymmetric subspace

g g = (PS)ac 1db + (PA)ac !db

— S A
:}«C+}«C, (8.29)
——
1& i
(Poae =5 58+ 40
s 1
=— + 8.30
2 —_— X ( )
1& i
(Pa)ac®=3" 58+ 22
A 1 ——
_2 —_— X
n(n+1 nn 1
ds = (2 ), da = (2 ) (8.31)

The transposition of indicesbh and d is explained in section 4.1; it ensures asimple
correspondence between tensors and birdtracks.

For SU (2) the antisymmetric subspace has dimensionda = 1. We shall return
to thiscasein section 15.1. For n 3, both subspaces are nonsinglets, and by the
second integration rule,

SU(n): dgGa"G.4=0, n>2. (8.32)

As the second example, consider the group integral over GGG G . This rep

actsonV?2 V~ tensor space. There are various ways of constructing the singlet
projectors; we shall give two.

WecantreattheV 2 V~ spaceasaKronecker product of spaces V2and V-.
We rst reduce the particle and antiparticle spaces separately by (8.29):

el ol s =i =g

The only invariant tensors that can project singlets out of this space (forn  3) are
index contraction with no intermediate lines:

DGE 3
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Contracted with the last two repsin (8.33), they yield zero. Only the rst two reps
yield singlets

22} i Gl D€ oo

—_—c
The projector normalization factors are the dimensionsof the associated reps ( 3.24).
The GGG G group integral written out in tensor notationis

? '
1 & ;
dg GGG Gyt = §0+ 25 el4 gf

&

oo
oo
Q-

T 2n(n+1) '

1 -
5oeF el (830

+ ab
2n(n 1) 9°¢

o

We have obtained this result by rst reducing V 2 and V’. What happensif we
reduceV2 V- as(V V)2?We rstdecomposethetwoV V tensor subspaces
into singlets and adjoint reps (see section 2.2):

——_15C, O5>¢C 15DC 1DC
== z el .

S "S> C O>C "S5 Cc "o
Thetwo crosstermswith oneintermediate adjoint line cannot bereduced further. The

2-index adjoint intermediate state contains only one singlet in the Clebsch-Gordan
series (15.25), so that the nal result [69] is

gig G 69

By substituting adjoint rep projection operators (9.54), one can check that thisisthe
same combination of Kronecker deltas as (8.36).

To summarize, the projection operators constructed in this monograph are all that
is needed for evaluation of group integrals; the group integral for an arbitrary rep is
given by the sum over al singlets (8.18) contained in the rep.

(8.37)
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Chapter Nine

Unitary groups

P. Cvitanovie, H. Elvang, and A. D. Kennedy

U (n) isthe group of all transformationsthat leave invariant the norm qy = 2q°qa
of a complex vector g. For U (n) there are no other invariant tensors beyond those
constructed of products of Kronecker deltas. They can be used to decompose the
tensor reps of U (n). For purely covariant or contravariant tensors, the symmetric
group can be used to construct the Young projection operators. In sections. 9.1-9.2
we show how to do this for 2- and 3-index tensors by constructing the appropriate
characteristic equations.

For tensorswith moreindicesit iseasier to construct the Young projection opera-
tors directly from the Young tableaux. In section 9.3 we review the Young tableaux,
and in section 9.4 we show how to construct Young projection operatorsfor tensors
with any number of indices. As examples, 3- and 4-index tensors are decomposed
in section 9.5. We use the projection operators to evaluate 3n-j coef cients and
characters of U (n) in sections. 9.6-9.9, and we derive new sum rules for U (n) 3-j
and 6-J symbolsin section 9.7. In section 9.8 we consider the conseguences of the
Levi-Civitatensor being an extrainvariant for SU (n).

For mixed tensors the reduction also involves index contractions and the sym-
metric group methodsalone do not suf ce. In sections. 9.10-9.12 the mixed SU (n)
tensors are decomposed by the projection operator techniques introduced in chap-
ter 3. SU(2), SU(3), SU (4), and SU (n) arediscussed fromthe invariance group"
perspective in chapter 15.

9.1 TWO-INDEX TENSORS

Consider 2-index tensorsq® @ V2, According to (6.1), al permutations
are represented by invariant matrices. Here there are only two permutations, the

identity and the ip (6.2),

( +1(C 1=0. (9.2)

The ipsatis es
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Theeigenvaluesare ; =1, , = 1, andthe corresponding projection operators
(3.48) are

_ (D1 _1 I e
Pl_li(l)_i(l_'_ )_E +>< , (9.2

11 1 ——
Pr=—— =20 )=3 > . (9.3)

We recogni zethe symmetrization, antisymmetrization operators (6.4), (6.15); P1 =
S, P, = A, with subspacedimensionsd; = n(n+1)/2,d, = n(n 1)/2.Inother
words, under general linear transformations the symmetric and the antisymmetric
parts of atensor Xap, transform separately:

X=SX + AX,

1 1
Xab = E(Xab + Xpa) + E(Xab Xba)

S

The Dynkin indices for the two reps follow by (7.29) from 6j s:

1 1 N
A”@
2

2 N
= — + — 0
1=ty
= (n+2). (9.5
Substituting the de ning rep Dynkinindex ' = Ca = 2n, computed in sec-
tion 2.2, we obtain the two Dynkin indices

n+2 n 2
= = . .6
e =T (9.6)

9.2 THREE-INDEX TENSORS

Three-index tensors can be reduced to irreducible subspaces by adding the third
index to each of the 2-index subspaces, the symmetric and the antisymmetric. The
results of this section are summarized in gure 9.1 and table 9.1. We mix the third
index into the symmetric 2-index subspace using the invariant matrix

Q=3S12 (23512 = % . (9.7)

Here projection operators S1, ensure the restriction to the 2-index symmetric sub-
space, and thetransposition 23y mixesinthethirdindex. To nd the characteristic

equation for Q, we compute Q?:
, 1$ % 1 1
Q=312 (23)S12 (23)S12 = > S12 +S12 (23)S12 = 5512 + EQ

TLE- =0
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Hence, Q satis es

and the corresponding projection operators ( 3.48) are
Q+i1 1% %
1= 2-S1p=> @+ @3+l Sp=S

1+1

3
1 — —
== + + = 0.
s ><+>Scr— dE=JfFe9
%= e ae
P> = ———S15=5S12A23S1> = = : (9.10)
% 1 3 3

Hence, the symmetric 2-index subspace combines with the third index into a sym-
metric 3-index subspace (6.13) and a mixed symmetry subspace with dimensions

di=trP; = n(n+ 1)(n + 2)/3! (9.12)

d,=trP, = = n(n®> 1)/3. (9.12)

w|

The antisymmetric 2-index subspace can be treated in the same way using the
invariant matrix

Q=A1 e3An= E : (9.13)

The resulting projection operators for the antisymmetric and mixed symmetry 3-
index tensors are givenin gure 9.1. Symmetries of the subspace are indicated by
the corresponding Young tableaux, table 9.2. For example, we havejust constructed

E=(ilzl3 2
4

15 = 2B+

2(n+ + +
n (n2 1) _ n(n 13)|(n 2) (9.14)
The projection operatorsfor tensors with upto4indicesareshownin gure 9.1,
andin gure 9.2 the corresponding stepwise reduction of theirrepsisgiveninterms
of Young standard tableaux (de ned in section 9.3.1).

. n(n> 1)

9.3 YOUNG TABLEAUX

We have seen in the examples of sections. 9.1-9.2 that the projection operators for
2-index and 3-index tensors can be constructed using characteristic equations. For
tensors with more than three indices this method is cumbersome, and it is much
simpler to construct the projection operators directly from the Young tableaux. In
this section we review the Young tableaux and some aspects of symmetric group
representationsthat will beimportant for our construction of the projection operators
in section 9.4.
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n(n® 1)
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(n+3)!
41(n 1)!
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(N> D)n(n+2)
8

n?(n? 1)
12
\

2 8
n!
A(n 4)!

Figure 9.1 Projection operators for 2-, 3-, and 4-index tensors in U (n), SU(n), n
number of indices.
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n
s
/ A n(n+1)
2
/ n(n 1)
/S 2
A / n(n+1)(n+2
1123
[1[2]3] g \ 3
/A
n(n* 1)
3
n(h H(n 2)
3!
ls A S SA A S SA A S A
(n+3)!
\ ] 2(n 1)
(2 1)n(n+2)
8
\ \
m(n* 1)
12
w} \J
1[2] 1[4
3 34 @ e 2
4 8
n!
A(n )

Figure 9.2 Young tableaux for the irreps of the symmetric group for 2-, 3-, and 4-index
tensors. Rows correspond to symmetrizations, columns to antisymmetrizations.
The reduction procedure is not unique, as it depends on the order in which the
indices are combined; this order isindicated by labels 1, 2, 3, ..., p in the boxes
of Young tableaux.
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9.3.1 Definitions
Partition k identical boxes into D subsets, and let ,, m = 1,2,...,D, be the

number of boxes in the subsets ordered so that 4 2 ... p 1 Then
the partition =1 1, 2,..., p] ful lls 5121 m = k. The diagram obtained

by drawing the D rows of boxes on top of each other, |eft aligned, starting with |
at thetop, iscalled a Young diagram'Y .

Examples:
The ordered partitions for k = 4 are [4],[3,1],[2,2],[2,1,1] and [1,1,1,1]. The
corresponding Young diagrams are

T ] -

Inserting a number from the set {1, ..., n} into every box of a Young diagram
Y insuchaway that numbersincrease when reading a column from top to bottom,
and numbers do not decrease when reading arow from |eft to right, yields a Young
tableau Y 4. The subscript a labels different tableaux derived from a given Young
diagram, i.e., different admissible ways of inserting the numbersinto the boxes.

A standard tableauisak-box Young tableau constructed by inserting the numbers
1,...,k according to the above rules, but using each number exactly once. For
example, the 4-box Young diagram with partition = [2, 1, 1] yields three distinct
standard tableaux:

2| 3 4|

1
) ; )
[4]

(9.15)

N
AN

An dternative labeling of a Young diagram are Dynkin labels, the list of num-
bers by, of columns with m boxes: (bibs...). Having k boxes we must have

ﬁq:l mby, = k. For example, the partition [4, 2, 1] and the labels (21100¢¢+)
give rise to the same Young diagram, and so do the partition [2, 2] and the labels
(020¢++).

We de ne the transpose diagram Yt as the Young diagram obtained from Y by
interchanging rows and columns. For example, the transpose of [3, 1] is[2, 1, 1],

t
2[4] _ ,
or, in terms of Dynkin labels, the transpose of (210...) is(1010...).
The Young tableaux are useful for labeling irreps of various groups. We shall use
the following facts (see for instance ref. [ 153]):

[w]F

1. The k-box Young diagramslabel all irreps of the symmetric group S k.

2. The standard tableaux of k-box Young diagrams with no more than n rows
label theirreps of GL(n), in particular they label theirreps of U (n).
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3. The standard tableaux of k-box Young diagrams with no morethann 1
rows label theirreps of SL(n), in particular they label theirreps of SU ().

In this section, we consider the Young tableaux for reps of Sk and U (n), while the
case of SU (n) is postponed to section 9.8.

9.3.2 Symmetric group Sk

Theirrepsof the symmetric group Sk arelabeled by the k-box Young diagrams. For
agiven Young diagram, the basis vectors of the corresponding irrep can be labeled
by the standard tableaux of Y; consequently the dimension vy of theirrep isthe
number of standard tableaux that can be constructed from the Young diagram Y.
The example (9.15) showsthat theirrep = [2, 1, 1] of S, is 3-dimensional.

Asan alternative to counting standard tableaux, thedimension v of theirrep of
Sk corresponding to the Young diagram Y can be computed easily as

k!
Y |Y| ’

where the number | Y| is computed using a hook rule: Enter into each box of the
Young diagram the number of boxes below and to the right of the box, including the
box itself. Then | Y] isthe product of the numbersin all the boxes. For instance,
| 6/5[3[1]
Y = Y| =14]3[1] =6!3. (9.17)
211
The hook rule (9.16) was rst proven by Frame, de B. Robinson, and Thrall [ 123].
Variousproofscan befoundintheliterature[ 295, 170, 133, 142, 21]; see also Sagan
[302] and references therein.

We now discuss the regular representation of the symmetric group. The elements

Sk of the symmetric group Sk form abasis of ak!-dimensional vector space V

of elements

(9.16)

S= S v, (9.18)

wheres arethecomponentsof avector sinthegivenbasis. Ifs  V hascomponents
(s )and Sk, then sisanelementinV withcomponents( s) =s 1 .This
action of the group elementson the vector spaceV de nesan k!-dimensional matrix
representation of the group Sk, the regular representation.

Theregular representation isreducible, and eachirrep  appears timesinthe
reduction;  isthedimension of thesubspaceV correspondingtotheirrep . This
gives the well-known relation between the order of the symmetric group |S k| = k!
(the dimension of the regular representation) and the dimensions of theirreps,

[Skl = z.
all irreps
Using (9.16) and the fact that the Young diagrams label the irreps of S, we have
1=k 1 (9.19)

Y >’
*
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where the sum is over al Young diagrams with k boxes. We shall use this relation
to determine the normalization of Young projection operatorsin appendix B.3.
The reduction of the regular representation of Sy gives acompletenessrelation,

1= PY y
)
in terms of projection operators

PY = PY
Ya Y

a-

Thesumisover al standard tableaux derived from the Young diagram Y. Each P v
projects onto acorrespondinginvariant subspaceV v : for each Y thereare v such
projection operators (corresponding to the v possible standard tableaux of the
diagram), and each of these project onto one of the v invariant subspaces Vy of
the reduction of the regular representation. It follows that the projection operators
are orthogonal and that they constitute a complete set.

9.3.3 Unitary group U(n)

Theirrepsof U (n) are labeled by the k-box Young standard tableaux with no more
than n rows. A k-index tensor is represented by a Young diagram with k boxes

one typically thinks of this as a k-particle state. For U (n), a 1-index tensor has
n-components, so there are n 1-particle states available, and this correspondsto the
n-dimensional fundamental rep labeled by a 1-box Young diagram. There are n 2
2-particle states for U (n), and as we have seen in section 9.1 these split into two
irreps: the symmetric and the antisymmetric. Using Young diagrams, we write the
reduction of the 2-particle system as

(1 =L11 H (9.20)

Except for the fully symmetric and the fully antisymmetric irreps, the irreps of the
k-index tensorsof U (n) have mixed symmetry. Boxesinarow correspondtoindices
that are symmetric under interchanges (symmetric multiparticle states), and boxes
in acolumn correspond to i ndices antisymmetric under interchanges (antisymmetric
multiparticle states). Since there are only n labels for the particles, no more than
n particles can be antisymmetrized, and hence only standard tableaux with up to n
rows correspond to irreps of U (n).

The number of standard tableaux v derivedfromaYoungdiagramY isgivenin
(9.16). Intermsof irreducibl etensors, the Young diagram determinesthe symmetries
of theindices, andthe v distinct standard tableaux correspond to the independent
ways of combining the indices under these symmetries. Thisis illustrated in g-
ure 9.2.

For agiven U (n) irrep labeled by some standard tableau of the Young diagram
Y, the basis vectors are labeled by the Young tableaux Y 5 obtained by inserting
the numbers 1, 2,...,ninto Y in the manner described in section 9.3.1. Thus the
dimension of anirrep of U (n) equals the number of such Young tableaux, and we
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note that all irreps with the same Young diagram have the same dimension. For
U (2), thek = 2 Young tableaux of the symmetric and antisymmetric irreps are

, and ,

so the symmetric state of U (2) is 3-dimensional and the antisymmetric stete is 1-
dimensional, in agreement with the formulas (6.4) and (6.15) for the dimensions of
the symmetry operators. For U (3), the counting of Young tableaux shows that the
symmetric 2-particleirrep is 6-dimensional and the antisymmetric 2-particleirrep
is3-dimensional, again in agreement with (6.4) and (6.15). In section 9.4.3 we state
and prove a dimension formulafor ageneral irrep of U (n).

[1]1], [1]2], [2]2

9.4 YOUNG PROJECTION OPERATORS

Givenanirrepof U (n) labeled by ak-box standard tableaux Y, we construct the cor-
responding Young projection operator Py in birdtrack notation by identifying each
box in the diagram with adirected line. The operator P v isablock of symmetrizers
to the left of ablock of antisymmetrizers, all imposed on the k lines. The blocks of
symmetry operators are dictated by the Young diagram, whereas the attachment of
lines to these operatorsis speci ed by the particular standard tableau.

The Kronecker deltais invariant under unitary transformations: for U~ U (n),
wehave(U )a® 2 U,? = 5. Consequently, any combinationof Kronecker deltas,
such asasymmetrizer, isinvariant under unitary transformations. The symmetry op-
erators constitute acomplete set, so any U (n) invariant tensor built from Kronecker
deltas can be expressed in terms of symmetrizers and antisymmetrizers. In particu-
lar, the invariance of the Kronecker delta under U (n) transformations implies that
the same symmetry group operatorsthat project theirrepsof S alsoyield theirreps
of U(n).

The simplest examples of Young projection operators are those associated with
the Young tableaux consisting of either one row or one column. The corresponding
Young projection operators are simply the symmetrizers or the antisymmetrizers
respectively. As projection operators for Sy, the symmetrizer projects onto the 1-
dimensional subspace corresponding to the fully symmetric representation, and the
antisymmetrizer projectsonto thefully antisymmetric representation (the alternating
representation).

A Young projection operator for a mixed symmetry Young tableau will here be
constructed by rst antisymmetrizing subsets of indices, and then symmetrizing
other subsets of indices; the Young tableau determines which subsets, as will be
explained shortly. Schematically,

Pv.= vI . (9.21)

where the white (black) blob symbolizes a set of (anti)symmetrizers. The nor-
malization constant v (de ned below) ensures that the operators are idempotent,
Pv.Pv, = aPv.-

This particular form of projection operatorsis not unique: in section 9.2 we built
3-index tensor Young proj ection operatorsthat were symmetric under transposition.
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The Young projection operators constructed in this section are particularly conve-
nient for explicit U (n) computations, and another virtue is that we can write down
the projectorsexplicitly from the standard tableaux, without having to solve a char-
acteristic equation. For multiparticle irreps, the Young projection operators of this
section will generally be different from the ones constructed from characteristic
equations (see sections. 9.1-9.2); however, the operators are equivalent, since the
difference amountsto a choice of basis.

9.4.1 Construction of projection operators

Let Y, beak-box standard tableau. Arrangeaset of symmetrizers correspondingto
therowsin ,, andto theright of thisarrange a set of antisymmetrizers correspond-
ingtothecolumnsinY 4. For aYoungdiagramY with s rowsand t columnswe label
therowsS;, S, , Ss andtothecolumnsAsg, Az, , A¢. Each symmetry operator
in Py isassociated to arow/columnin 'Y, hence we label a symmetry operator after
the corresponding row/column, for example,

/

S|6|7|8|9
Sz |10|11

Let the lines numbered 1 to k enter the symmetrizers as described by the numbers
in the boxes in the standard tableau and connect the set of symmetrizers to the set
of antisymmetrizers in a nonvanishing way, avoiding multiple intermediate lines
prohibited by (6.17). Finally, arrange the lines coming out of the antisymmetrizers
suchthat if thelinesall passed straight through the symmetry operators, they would
exit in the same order as they entered. This ensures that upon expansion of al the
symmetry operators, the identity appears exactly once.

We denote by |Si| or |Ai| the length of arow or column, respectively, that is the
number of boxes it contains. Thus |A;| aso denotes the number of lines entering
the antisymmetrizer A;. In the above examplewe have |S1| = 5, |Az| = 3, etc.

Thenormalization v isgiven by

! !
O Tlsilt T Al 03
Y — |Y| ’ ( . )
where | Y| isrelated through (9.16) to v, thedimension of irrep Y of Sy, andisa
hook rule Sk combinatoric number. The normalization depends only on the shape
of the Young diagram, not the particular tableau.

Example: The Young diagram B:D tells us to use one symmetrizer of length
three, one of length one, one antisymmetrizer of length two, and two of length one.



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

94 CHAPTER 9

Therearethreedistinct k-standard arrangements, each correspondingto aprojection
operator

12/3| (9.24)

Il
<

1/2]4] (9.25)

13[4 , (9.26)

Il
<

1444 4444 1444
Hi4 H“H Hi4

where the normalization constantis v = 3/2 by (9.23). More examples of Young
projection operators are given in section 9.5.

9.4.2 Properties

We prove in appendix B that the above construction yields well de ned projection
operators. In particular, the internal connection between the symmetrizers and an-

tisymmetrizers is unique up to an overall sign (proof in appendix B.1). We x the
overall sign by requiring that when all symmetry operators are expanded, the iden-

tity appears with a positive coef cient. Note that by construction (the lines exit in
the same order as they enter) the identity appears exactly oncein the full expansion
of any of the Young projection operators.

We list here the most important properties of the Young projection operators:

1. The Young projection operators are orthogonal: If Y and Z are two distinct
standard tableaux, then Py Pz = 0 = PzPy.

2. With the normalization (9.23), the Young projection operators are indeed
projection operators, i.e., they are idempotent: P2, = Py.

3. For agiven k the Young projection operators constitute a complete set such
that1 = Py, wherethesumisover all standard tableaux Y with k boxes.

The proofs of these properties are given in appendix B.

9.4.3 Dimensions of U (n) irreps

The dimension dy of aU(n) irrep Y can be computed diagrammatically as the
trace of the corresponding Young projection operator, dy = tr Py. Expanding
the symmetry operators yields a weighted sum of closed-loop diagrams. Each loop
is worth n, and since the identity appears precisely once in the expansion, the
dimension dv of airrep with ak-box Young tableau Y is a degree k polynomial in
n.

Example: We compute we dimension of the U (n) irrep 12 ‘:

5. >

() 4
R
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2 5 5
_4 1 —>), >
3 2! < <
1 3 2 2 n(n? 1)
= §(n +n° n° n=———"=

3 (9.27)

In practice, this is unnecessarily laborious. The dimension of aU(n) irrep Y is
given by

_ ()
dy = vl

(9.28)
Herefy (n) isapolynomial in n obtained from the Young diagram'Y by multiplying

the numberswritten in the boxes of Y, according to the following rules:
1. The upper left box contains an n.

2. The numbersin arow increase by one when reading from left to right.

3. The numbersin a column decrease by one when reading from top to bottom.

Hence, if k is the number of boxesin Y, fv(n) is apolynomial in n of degree k.
The dimension formula (9.28) iswell known (see for instance ref. [ 138]).

é 2‘, we have
dy = fv(n) _ n(n* 1)

Y1 3
in agreement with the diagrammatic trace calculation (9.27).

Example: In the above example with the irrep

Example: With Y =[4,2,1], we have

n | n+l n+2‘ n+3
nl| n

fy(n)=

=n?(n®> 1)(n?

4)(n +3),
LZ
6l4]2]1]
[Y[=|3]1 = 144, (9.29)
1]
hence,
do = n(n> 1> 4)(n+3)
Yo 144 '

(9.30)

Usingdy = tr Py, thedimensionformula(9.28) can be proven diagrammatically
by induction onthenumber of boxesintheirrep Y. Theproof isgiveninappendix B.4.
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The polynomial fv (n) hasanintuitive interpretationin terms of strand colorings
of the diagram for tr Pv. Draw the trace of the Young projection operator. Each
lineisastrand, a closed line, which we draw as passing straight through all of the
symmetry operators. For a k-box Young diagram, there are k strands. Given the
following set of rules, we count the number of ways to color the k strands using n
colors. Thetop strand (corresponding to the leftmost box in the rst row of Y) may
be colored in n ways. Color therest of the strands according to the following rules:

1. If apath, which could be colored in m ways, enters an antisymmetrizer, the
linesbelow it canbecoloredinm 1, m 2, ways.

2. If apath, which could be colored in m ways, enters a symmetrizer, the lines
below it canbecoloredinm +1, m+2, ways.

Using this coloring algorithm, the number of ways to color the strands of the
diagramis fy (n).

2/3|6
Example: For Y = sH ‘, the strand diagramiis

[oo]&]=

(9.31)

Each strand is labeled by the number of admissible colorings. Multiplying these
numbers and including the factor 1/|Y|, we nd

dvy=(n 2)(n 1)n’(n+1)?Mn+2)(n+3)

‘}—'Am
~

~_n(n+1)(n+3)!
©2632(n 3
in agreement with (9.28).

9.5 REDUCTION OF TENSOR PRODUCTS

We now work out several explicit examples of decomposition of direct products of
Young diagrams/tableaux in order to motivate the general rules for decomposition
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Ya Pv. dy,
n(n+1)(n+2)
JE e
4
=5k
3] n(n? 1)
3
1] 3] 4 !
2 3
I (n 2)§3n 1n
_— n3

Table 9.1 Reduction of 3-index tensor. The last row shows the direct sum of the Young
tableaux, the sum of the dimensions of the irreps adding up to n®, and the sum of
the projection operators adding up to the identity as veri cation of completeness
(3.52).

of direct productsstated below, in section 9.5.1. We have already treated the decom-
position of the 2-index tensor into the symmetric and the antisymmetric tensors, but
we shall reconsider the 3-index tensor, since the projection operators are different
from those derived from the characteristic equationsin section 9.2.

The 3-index tensor reduces to

1 2 3= 12 }

=123 12 13 1 (0:32)
3 2]
Thecorresponding dimensionsand Young projection operatorsaregivenintable 9.1.
For smplicity, we neglect the arrows on the lines where this leads to no confusion.
The Young projection operatorsareorthogonal by inspection. Wecheck compl ete-
ness by acomputation. In the sum of thefully symmetric and thefully antisymmetric
tensors, al the odd permutations cancel, and we are left with

D =3

Expanding the two tensors of mixed symmetry, we obtain

IR = R
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Adding the two equations we get

S si e ST

verifying the completeness relation.

For 4-index tensorsthe decomposition is performed asin the 3-index case, result-
ing intable 9.2.

Acting with any permutation on the fully symmetric or antisymmetric projection
operatorsgives—1 timestheprojection operator (see(6.8) and (6.18)). For projection
operators of mixed symmetry the action of a permutation is not as simple, because
the permutations will mix the spaces corresponding to the distinct tableaux. Here
we shall need only the action of a permutation within a 3n-j symbol, and, as we
shall show below, in this case the result will again be simple, afactor —1 or 0.

9.5.1 Reduction of direct products

We state the rules for general decompositions of direct products such as (9.20) in
terms of Young diagrams:

Draw the two diagrams next to each other and place in each box of the second
diagramana;, i =1,...,k, suchthat theboxesinthe rstrow all havea; inthem,
second row boxes have a, in them, etc. The boxes of the second diagram are now
added to the rst diagram to create new diagrams according to the following rules:

1. Each diagram must be a Young diagram.

2. The number of boxes in the new diagram must be equal to the sum of the
number of boxesin the two initial diagrams.

3. For U(n) no diagram has more than n rows.

4. Making ajourney through the diagram starting with the top row and entering
each row from theright, at any point the number of a; s encountered in any
of the attached boxes must not exceed the number of previously encountered
aj 1S

5. The numbers must not increase when reading across arow from left to right.
6. The numbers must decrease when reading a column from top to bottom.

Rules 4-6 ensure that states that were previously symmetrized are not antisym-
metrized in the product, and vice versa. Also, the rules prevent counting the same
state twice.

For example, consider the direct product of the partitions[3] and [2, 1]. For U (n)
withn 3 wehave

[ T[] |

afa _[ | [ [aia] [ad]
az az ai|az ]

— — az az

whilefor n = 2 we have

T o= £
ap ap ai|az )
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nn 1)(n 2)(n 3)
- 24

n4

Ya Pv. dv,
+1 +2 +3
gE R D 2)(43)
3
1] 2] 4] %@ (n Dn(n+1)(n+2)
8
2
1]2 4
n2(n? 1)
12
1]3 4
2/4 3
1]2] 3
3] 2
4]
1[3] 3
1]4] 3
12 2
3]

Table 9.2 Reduction of 4-index tensors. Note the symmetry under n n.



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

100 CHAPTER 9

As a check that a decomposition is correct, one can compute the dimensions for
the product of irreps on the LHS and the sums of the irreps on the RHS to see that
they match. Methods for calculating the dimension of a U (n) irreps are discussed
in section 9.4.3.

9.6 U(n) RECOUPLING RELATIONS

For U (n) (as opposed to SU (n); see section 9.8) we have no antiparticles, so in
recoupling relations the total particle number is conserved. Consider as an example
the step-by-step reduction of a 5-particle state in terms of the Young projection
operators:

—_— XX
=-.5="
> X, Z=»—  W,X,Z

< e

= SRR
W, X,Y,Z -

More generally, we can visualize any sequence of U (n) pairwise Clebsch-Gordan
reductionsasa ow with linesjoining into thicker and thicker projection operators,
alwaysendinginamaximal P that spansacrossall lines. In the clebsches notation
of section 5.1, this can be redrawn more compactly as

W, X,Y,Z
The trace of each termin the nal sum of the 5-particle state is a 12-j symbol of

theform
O
S 039
W~
Inthetrace (9.34) we can use theidempotency of the projection operatorsto double

themaximal Young projection operator P v, and sandwich by it all smaller projection
operators:

Hit

EE . (9.35)

From uniqueness of connection between the symmetry operators (seeappendix B.1),

we have for any permutation Sk:
m kzl Py (936)
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wherem = 0,—1. Expressions such as (9.35) can be evaluated by expanding the
projection operators Py, Px, Pz and determining the value of m  of (9.36) for
each permutation  of the expansion. Theresult is

i EE = M(Y;W,X,Z), (9.37)

wherethefactor M (Y; W, X, Z) doesnot depend on n and is determined by apurely
symmetric group cal culation. Examples follow.

9.7 U(n) 3n-j SYMBOLS
In this section, we construct U (n) 3-j and 6-J symbols using the Young projection

operators, and we give explicit examples of their evaluation. Sumrulesfor 3-j sand
6-j sarederivedin section 9.7.3.

9.7.1 3-j symbols

Let X, Y, and Z beirreps of U (n). Interms of the Young projection operators P x,
Py, and Pz, aU(n) 3-vertex (5.4) is obtained by tying together the three Young

projection operators,
X X%
L = g Y[k . (9.38)
z =

Since there are no antiparticles, the construction requiresk x + kz = ky.
A 3-J coef cient constructed from the vertex (9.38) isthen

(9.39)

As an example, take

X =

Then

(9.40)
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whereM = 1 here. Below wederivethat dy (thedimensionof theirrepY) isindeed
the value of this 3-j symbol.

In principle the value of a 3-j symbol (9.39) can be computed by expanding
out all symmetry operators, but that is not recommended as the number of terms
in such expansions grows combinatorially with the total number of boxes in the
Young diagram Y. One can do alittle better by carefully selecting certain symmetry
operatorsto expand. Then onesimpli esthe resulting diagrams using rules such as
(6.7),(6.8), (6.17), and (6.18) before expanding more symmetry operators. However,
a much simpler method exploits (9.36) and leads to the answer  in the case of
(9.40) itisdy = (n?> 1)n?(n + 1)(n + 2)/144 —much faster.

Theideafor evaluating a 3-j symbol (9.39) using (9.36) is to expand the projec-
tions Px and Pz and determine the value of m in (9.36) for each permutation
of the expansion. As an example, consider the 3-j symbol (9.40). With Py asin
(9.40) we nd

— X == >

L= x = X

m o, 1 0 1 1

L= x = 3¢

m, 1 1 0 1
= #
Po=3150c = = 33> + =2< >C
per i1l 2 ELE X
M(Py;Px) = 1 0 + 1 ( D}
P,=1 Py, = 1% E E + E §
M(Py;Pz) = 1 (n =+ 0 ( D}

and hence

3 2
= Z X Z ksls = ksls y

and the value of the 3-J isdy asclaimed in (9.40). That the eigenvalue happensto
belisanaccident intabulationsof 3-j symbols[112] it takesarange of values.

The relation (9.36) implies that the value of any U(n) 3-j symbol (9.39) is
M (Y; X, Z)dv, wheredy isthedimension of themaximal irrep Y. Againweremark
that M (Y; X, Z) isindependent of n.
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9.7.2 6-j symbols
A genera U (n) 6-] symbol hasform

(9.41)

Using the relation (9.36) we immediately see that
X U
=Mdy, (9.42)
Y

where M is a pure symmetric group Sk, number, independent of U (n); it is sur-
prising that the only vestige of U (n) is the fact that the value of a 6-j symbol is
proportional to the dimension dy of its largest projection operator.

Example: Consider the 6-J constructed from the Young tableaux

u =2l Vo=, W o= [z,
— 1] 3]

X = 12 Y = L, z = |4
4] 0

Using the idempotency we can double the projection P+ and sandwich the other
operators, as in (9.35). Severa terms cancel in the expansion of the sandwiched
operator, and we are left with

_ 1 = - >< p—
@l:.:_z_‘l: >< p— ><
m : +1 0 1 0
>< -
2 X x v X
0 1 0 +1

We have listed the symmetry factorsm  of (9.36) for each of the permutations
sandwiched between the projection operators Py. We nd that in this example the
symmetric group factor M of (9.42) is

so thevalue of the 6-j is

1, _n? D 2
3 41 '
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The method generalizesto evaluations of any 3n-j symbol of U (n) .

Challenge: We have seen that there is a coloring algorithm for the dimensionality
of the Young projection operators. Open question: Find a coloring algorithm for the
3-J sand 6-j sof SU(n).

9.7.3 Sum rules

Let Y be a standard tableau with ky boxes, and let  be the set of all standard
tableaux with one or more boxes (this excludes the trivial k = 0 representation).
Then the 3-j symbols obey the sum rule

@ = (ke Dy, (0.43)
X,Z z

Thesumis nite, because the 3-J is nonvanishing only if the number of boxesin X
and Z add up to ky, and this happensonly for a nite number of tableaux.

To provethe 3-j sum rule (9.43), recall that the Young projection operators con-
stitteacompleteset, | Px =1, wherelisthe[k K] unit matrixand
the set of all standard tableaux of Young diagramswith k boxes. Hence:

= dY = (ky 1)dy
kx:l

The sum rule offers a useful cross-check on tabulations of 3-j values.
Thereisasimilar sum rule for the 6-j symbols:

X u
X,Z,U,v,W Y

Referring to the 6-J (9.41), let ky be the number of boxesin the Young diagram U,
kx be the number of boxesin X, etc.

Let ky begiven. From (9.41) we see that kx takesvaluesbetween 1 andky 2,
and k7 takesvaluesbetween2 and ky 1, subject to the constraint kx + kz = ky.
We now sum over all tableaux U, V, and W keeping kv, kx, and kz xed. Note that

(ky  Dky 2)dy. (9.44)

N =
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ky cantakevaluesl,...,kz 1.Using completeness, we nd

= (kz 1)@.

Now sum over all tableaux X and Zto nd

X U ky 1 VA
= (¢ 1 @
X,Z,UV,W Y kz=2 VA kz X ky kz X

=3ky Dkv 2y,

verifying the sum rule (9.44) for 6-j symbols.

9.8 SU(n) AND THE ADJOINT REP

The SU(n) group elements satisfy det G = 1, so SU(n) has an additional in-
variant, the Levi-Civitatensor a,a,..a, = Ga;#1Gg,22 000Gy, 20 a,a,..a,- The
diagrammatic notation for the Levi-Civita tensors was introduced in ( 6.27).

Whiletheirreps of U (n) are labeled by the standard tableaux with no more than
N rows (see section 9.3), the standard tableaux with amaximumof n - 1 rows|abel
the irreps of SU(n). The reason is that in SU (n), a column of length n can be
removed from any diagram by contraction with the Levi-Civita tensor ( 6.27). For
example, for SU (4)

(9.45)

Standard tableaux that differ only by columns of length n correspond to equivalent
irreps. Hence, for the standard tableaux labelingirreps of SU (n), the highest column
is of height n 1, which is also the rank of SU(n). A rep of SU(n), or An 1
in the Cartan classi cation (table 7.6) is characterized by n 1 Dynkin labels
bibs ...bn 1. Thecorresponding Young diagram (de nedin section 9.3.1) isthen
givenby (biby...bn 100...),0r (bybs...bn 1) for short.

For SU (n) a column with k boxes (antisymmetrization of k covariant indices)
can be converted by contraction with the Levi-Civitatensor intoacolumnof (n k)
boxes (correspondingto (n k) contravariant indices). This operation associates
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with each diagram a conjugate diagram. Thus the conjugate of a SU(n) Young
diagram Y isconstructed from the missing pieces needed to complete the rectangle
of n rows,

SUG): ~ (9.46)

To nd the conjugate diagram, add squares below the diagram of Y such that the
resulting gureis arectangle with height n and width of the top row in Y. Remove
the squares corresponding to Y and rotate the rest by 180 degrees. Theresult isthe
conjugate diagram of Y. For example, for SU (6) theirrep (20110) has (01102) as
its conjugate rep:

SU(6) : y&» . (9.47)

In general, the SU(n) reps (b1b2...bn 1) and (bn 1...b2b1) are conjugate. For
example, (10...0) standsfor the de ningrep, and its conjugateis (00...01), i.e,
acolumnof n 1 boxes.

TheL evi-Civitatensor convertsan antisymmetrized collectionof n 1 in -indices
intol out -index, or,inother words, it convertsan (n 1)-particlestateintoasingle
antiparticle state. We use ﬁ to denotethe single antiparticle state; it isthe conjugate
of the fundamental representation [ ] single particle state. For example, for SU (3)
we have

(10)=[] =3 (20)=[T]=6

(o)=||=3 (02)=—— =6 (0.48)

ay=/11=s en=llL1=15.

The product of the fundamental rep [ ] and the conjugate rep ﬁ of SU(n) de-
composesinto a singlet and the adjoint representation:

|
O th=0 n1 o= 1 I

n « n = n e« n =1 + (n* 1.

Note that the conjugate of the diagram for the adjoint is again the adjoint.
Using the construction of section 9.4, the birdtrack Young projection operator for
the adjoint representation A can be written




GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

UNITARY GROUPS 107

Using P and the de nition (9.38) of the 3-vertex, SU (n) group theory weights
involving quarks, antiquarks, and gluons can be calculated by expansion of the
symmetry operatorsor by application of the recoupling relation. For thisreason, we
prefer to keep the conjugate reps conjugate, rather than replacing them by columns
of (n 1) de ningreps, asthiswill give us SU (n) expressionsvalid for any n.

9.9 AN APPLICATION OF THE NEGATIVE DIMENSIONALITY
THEOREM

An SU(n) invariant scalar is afully contracted object (vacuum bubble) consisting
of Kronecker deltas and Levi-Civita symbols. Since there are no external legs, the
Levi-Civitas appear only in pairs, making it possible to combinethem into antisym-
metrizers. Inthe birdtrack notation, an SU (n) invariant scalar isthereforeavacuum
bubble graph built only from symmetrizers and antisymmetrizers.

The negativedimensionality theoremfor SU (n) statesthat for any SU (n) invari-
ant scalar exchanging symmetrizersand antisymmetrizersis equivalent to replacing
nby n:

su(n) =SU( n), (9.49)

where the bar on SU indicates transposition, i.e., exchange of symmetrizations and
antisymmetrizations. The theorem also appliesto U (n) invariant scalars, since the
only differencebetween U (n) and SU (n) istheinvariance of the Levi-Civitatensor
in SU (n). The proof of this theorem is given in chapter 13.

We can apply the negative dimensionality theorem to computations of the dimen-
sions of the U(n) irreps, dy = tr Py. Taking the transpose of a Young diagram
interchanges rows and columns, and it is therefore equivalent to interchanging the
symmetrizers and antisymmetrizers in tr Py . The dimension of the irrep corre-
sponding to the transpose Young diagram Y t can then be rel ated to the dimension of
theirreplabeledby Y asdv«(n) = dy( n) by thenegativedimensionality theorem.

Example: [3, 1] isthe transpose of [2, 1, 1],

t
2[3 —

2|

1
L4]

1
3]
4]

Note the n n duality in the dimension formulas for these and other tableatix
(table 9.2).

Now for standard tableaux X, Y, and Z, comparethediagram of the 3-j constructed
from X, Y, and Z to that constructed from X, Zt, and Y. The diagramsarerel ated by
are ectioninavertical line, reversal of all thearrowsonthelines, andinterchange of
symmetrizersand antisymmetrizers. The rst two operationsdo not changethevalue
of the diagram, and by the negative dimensionality theorem the values of two 3-j s
arerelated by n n (and possibly an overall sign; thissignis xed by requiring
that the highest power of n comes with a positive coef cient). In tabulations, it
suf cesto calculate approximately half of al 3-j s. Furthermore, the 3-j sum rule
(9.43) provides a cross-check.
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Thetwo 6-j symbols

arerelated by are ectioninavertical line, reversal of al thearrowson thelines, and
interchange of symmetrizers and antisymmetrizers  this can be seen by writing
out the 6-j symbolsin terms of the Young projection operatorsasin (9.41). By the
negative dimensionality theorem, the values of the two 6-j symbols are therefore
related by n n.

9.10 SU(n) MIXED TWO-INDEX TENSORS

We now return to the construction of projection operators from characteristic equa-
tions. Consider mixedtensorsq® g® Vv V. TheKronecker deltainvariants
are the same as in section 9.1, but now they are drawn differently (we are looking
at a crosschannel ):

. . b b
identity: 1=134= g 4= ,
———
tace T=T25=25=") ( . (9.52)

The T matrix satis esatrivia characteristic equation

T? = =nT, (9.52)
DOC

i.e, T(T nl) =0,withroots ; =0, 2 = n. The corresponding projection
operators (3.48) are

Pi=2T=27) (959
P=1 tT= 27 C=O>< (954)

with dimensionsd; = trP; = 1, dy = trP, = n? 1. P, is the projection
operator for the adjoint rep of SU(n). In this way, the invariant matrix T has
resolved the space of tensorsx@ V. V into asinglet and atraceless part,

1 1
P1x = -x¢ b, Pax=x8 X b, (9.55)

Both projection operatorsleave g invariant, so the generators of the unitary trans-
formations are given by their sum

u(n): %}C = , (9.56)

and thedimension of theU (n) adjointrepisN =trPa = 2 2 =n2.1f weextend
thelist of primitive invariants from the Kronecker delta to the Kronecker delta and



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

UNITARY GROUPS 109

the Levi-Civita tensor (6.27), the singlet subspace does not satisfy the invariance
condition (6.56)

| %

For the tracel ess subspace (9.54), the invariance condition is

@

Thisisthesamerelation as(6.25), ascan be shown by expanding the anti symmetriza-
tion operator using (6.19), so the invariance condition is satis ed. The adjoint rep

is given by
o1 N 1
SUm): a}c_/-’—\ HD C
Toorai=ad S (957)

The special unitary group SU (n) is, by de nition, theinvariance group of the Levi-
Civita tensor (hence special ) and the Kronecker delta (hence unitary ), and its
dimensionisN = n? 1. Thede ning rep Dynkin index follows from (7.27) and
(7.28)

1=2n (9.58)
(Thiswas evaluated in the example of section 2.2.) The Dynkinindex for the singlet
rep (9.55) vanishesidentically, asit doesfor any singlet rep.

9.11 SU(n) MIXED DEFINING ADJOINT TENSORS

In this and the following section we generalize the reduction by invariant matrices
to spaces other than the de ning rep. Such techniqueswill bevery useful later on, in
our construction of the exceptional Lie groups. We consider thede ning  adjoint
tensor space as aprojectionfromV. V.V space:

= {} _ (9.59)

-
< <

Thefollowingtwoinvariant matricesactingonV 2V space contract or interchange

de ningrepindices:
R= g 2 (9.60)
Q= g 2 = K . (9.61)
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>

o
Il

<

S

Vo Vs

Dynkinlabels (10...1) (10..) = (10...)  (200...01)  (010...01)

\ [ ]
D = D + : -+

i i . — n(n 1H(n+2) nn+H(n 2)
Dimensions: > H)n = n + 3 + 5

: . 21 _ 1 (n+2)(3n 1) (n 2)(3n+1)
Indices: n+o—= = = + yr + v
SU(3) example:
Dimensions; 8¢3 = 3 + 15 + 6
Indices: 13/3 = 1/6 + 10/3 + 5/6
SU(4) example:
Dimensions; 15+¢4 = 4 + 36 + 20
Indices: 47/8 = 1/8 + 33/8 + 13/8

Projection operators:

P1:n2n1>_(_<
o< L}—«—{
< n 1

Table9.3 SU(N) V A Clebsch-Gordan series.
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R projects onto the de ning space and satis es the characteristic equation

2
R2=>—Q—<=nan. (9.62)

The corresponding projection operators (3.48) are

n

nz 1 '

n
—e— n?2 1 '

P]_:

P, = (9.63)

Q takes asingle eigenvalue on the P 1 subspace

3 1
QR= /= ;R. (9.64)

Q? is computed by inserting the adjoint rep projection operator (9.57):
— 1
—_— n

The projection on the P4 subspace yields the characteristic equation

P4(Q* 1)=0, (9.66)

with the associated projection operators

1
P2=5Pa(1+Q) (9.67)
L e s
== +
2 —e— n%2 1 < —
e o
== + ,
2 < «—< n+1
1
P3=§P4(1 Q)
SR
=5 ) N — . (9.68)

The dimensions of the two subspaces are computed by taking traces of their projec-
tion operators:

dulei©+% 8
OO O

(nN+N N/(n+1))= %(n Nn(n +2) (9.69)

N =

and similarly for ds. Thisistabulated in table 9.3.
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9.11.1 Algebraof invariants

Mostly for illustration purposes, let usnow performthe samecalculation by utilizing
the algebra of invariants method outlined in section 3.4. A possible basis set, picked
fromtheV AV Alinearly independent tree invariants, consists of

(e,R,Q)= , ;2 K . (9.70)

The multiplication table (3.42) has been worked out in (9.62), (9.64), and (9.65).
For example, the(t ) matrix repfor Qtis

e 0 0 1 e
Q t=Q R = 0 1/n0 R (9.71)
T Q 1 1/n0 Q

and similarly for R. In this way, we obtain the [3 3] matrix rep of the algebra of
invariants =~

+ 100 0 1 0 0 0 1
{&RQ}= 010 , 0n X0 , 0 no . @©7W
> 001 0 1/n 0 1 1/n o0

From (9.62) we aready know that the eigenvalues of R are {0,0,n  1/n}. The
last eigenvalueyieldsthe projectionoperator P1 = (n 1/n) 1, but the projection
operator P4 yieldsa 2-dimensional degeneraterep. Q hasthreedistinct eigenvalues
{ 1/n,1, 1}andisthusmoreinteresting; the corresponding projection operators
fully decomposethe V. A space. The 1/n eigenspace projection operator is
again Py, but P4 is split into two subspaces, verifying (9.68) and (9.67):

_Q+DQ+EN 1 o 1
(1+D(I+1/n) 2 n+1
1

_Q DE+EH 1,
(1 1) 1+1/n) 2 n 1
We see that the matrix rep of the algebra of invariants is an alternative tool for
implementing the full reduction, perhaps easier to implement as acomputation than
an out and out birdtracks evaluation.

To summarize, the invariant matrix R projects out the 1-particle subspace P ;.
The particle exchange matrix Q splits the remainder into the irreducibleV A
subspaces P, and P3.

P>

Ps R . (9.73)

9.12 SU(n) TWO-INDEX ADJOINT TENSORS

Consider the Kronecker product of two adjoint reps. We want to reduce the space
of tensorsxj; A A,withi=1,2,...N.The rstdecompositionistheobvious
decomposition (9.4) into the symmetric and antisymmetric subspaces,

1 =

S + A
S
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The symmetric part can be split into the trace and the traceless part, asin (9.54):

S=1T+Ps

= - s O em

Further decomposition can be effected by studyinginvariant matricesintheV 2 v’

space. We can visudize the relation between A~ AandV 2V~ by theidentity

= © (9.76)

B

This suggests the introduction of two invariant matrices:

Q= (9.77)

:ﬁ:b‘:{i 079

R can be decomposed by (9.54) into a singlet and the adjoint rep

R = M + %) C (9.79)
it

= R +

The singlet has already been taken into account in the trace-tracel ess tensor decom-
position (9.75). The R projection on the antisymmetric subspaceis

By the Lie algebra (4.47),

(AR A)* = 12}@{ - gH -

and the associated projection operators,

(Ps)ijx= 21 CijmCmik = i>_<
I 2n>—< (082)

split the antisymmetric subspace into the adjoint rep and a remainder. On the sym-
metric subspace (9.75), R actsasPsR Ps.AsR T = 0, thisisthesameasSR S.

Consider

AR A, (9.81)

N| S
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We compute

OJ0= OO0 +-~00O
=_ +
2
1 1 ® 1
= _ — + -
2 @ n n
1%, %
=5o n? 4 (9.83)
Hence, SR S satis es the characteristic equation
2
srs I —~ SRS=0. (9.84)

The associated projection operatorssplit up the tracel ess symmetric subspace (9.75)
into the adjoint rep and a remainder:

2n 2n

P, =Pg P . (9.86)
The Clebsch-Gordan coef cients for P, are known as the Gell-Mann djji ten-

sors[137]:
i 1 1
k= — = —(:; . .
j:m 2 zd”k (9.87)

For SU (3), P2 istheprojection operator (8 8) symmetric 8. Intermsof djjx S,

we have
— n _ n
(PZ)ij,k - mdijmdmk - m>—< y (988)

with the normalization

2
dgetg =<y =208 (9.89)

Next we turn to the decomposition of the symmetric subspace induced by matrix Q
(9.77). Q commuteswith S:

+
1
QS‘EE = X ’ X
=SQ =SQS. (9.90)
On the 1-dimensional subspacein (9.75), it takeseigenvalue 1/n

TQ = ) Cg = T (9.91)

so Q also commutes with the projection operator P s from (9.75),

1
QPs=Q S WT =PsQ. (9.92)
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Q? iseasily evaluated by inserting the adjoint rep projection operators ( 9.54)

Projecting on the tracel ess symmetric subspace gives

nz 4
Ps Q% 1+

P, =0. (9.94)
On the P, subspace Q gives

e .

Hence, Q has asingle eigenvalue,

QP2 = %Pz, (9.96)

and does not decomposethe P, subspace; thisisasit should be, as P isthe adjoint
rep and isthusirreducible. On P, subspace (9.93) yields a characteristic equation

P, (Q*> 1)=0,
with the associated projection operators

P;= Epz 1l Q) (9.97)

Mg w5 ws) C

Ps= 5P2(1+Q) —(Ps P1)(1+Q)
:% Ps P1+SQ n21 1TQ+%P1
j[ ﬂg < ) C
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This compl etes the reduction of the symmetric subspace in (9.74). Asin (9.90), Q
commutes with A

QA = AQ = AQA. (9.99)
On the antisymmetric subspace, the Q2 equation (9.93) becomes
0=A Q? 1+%R , A=AQ? 1 Pa). (9.100)

Theadjoint rep (9.82) should beirreducible. Indeed, it followsfromthe Liealgebra,
that Q has zero eigenvalue for any simple group:

PsQ = é}@ =0. (9.101)

On the remai ning antisymmetric subspace P 5 (9.100) yieldsthe characteristic equa-
tion

Pa(Q®> 1)=0, (9.102)
with corresponding projection operators

1 1
Pe:§|ia(1+Q) = EA(l"‘Q Pa)

T R ] R
B E[ Lol e

To compute the dimensions of these geps we need

+
trAQ = =0, (9.105)

so both reps have the same dimension

N =

2 2
de:d7:%(trA tI‘PA):% W n2

:—(”2 H(*_ 4) (9.106)

Indeed, the two reps are conjugate reps. The identity

1318w

obtained by interchanging the two left adjoint rep legs, implies that the projection
operators (9.103) and (9.104) are related by the reversal of the loop arrow. Thisis
the birdtrack notation for complex conjugation (see section 4.1).

This decomposition of two SU (n) adjoint repsis summarized in table 9.4.
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9.13 CASIMIRSFOR THE FULLY SYMMETRIC REPS OF SU (n)

In this section we carry out afew explicit birdtrack casimir evaluations.
Consider the fully symmetric Kronecker product of p particle reps. Its Dynkin
label (de ned on page 106) is (p, 0,0...0), and the corresponding Young tableau

isarow of phboxes:[ [ | --- [P]. The projection operator is given by (6.4)

g. Ep
PS:S: : 2,
1

and the generator (4.40) in the symmetricrep is

J

Ti=pi E (9.108)

To compute the casimirs, we introduce matrices:

XP=x;(THE = a e——¢b. (9.109)
We next compute the powers of X:

x3=p*_[®1+3(p Dl L+( D 2IESAE
| R
p, #6 D6 DITZECC Ve 26 3)%}

: (9.110)
The tr XX arethen
trx0=d, NP 1 (see (6.13)) (9.111)
trX=0 (semisimplicity) (9.112)
2_y Pp+n) 5
trX _dsn(n+1) tr x (9.113)
3_d p P D 2 3
tr X p 1+3 ] n+D(n+2) trx
_(n+p)!(n+2p) 3_ p(n+p(n+2p) 5
= T2 D trx® =ds NCESNCED) trx (9.114)
a_ P p 1 p 1p 2 p 1p 2p 3 4
trx _dn 1+7n+1+12n+1n+2+6n+1n+2n+3 trx
&
+P 3460 243 2P 3 &0 (9.115)

n+1 n+2 n+2n+3
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The quadratic Dynkinindex is given by theratio of tr X 2 and tra X2 for the adjoint
rep (7.30):

_ trX? _ dsp(p+n)
T traX2?2  2n2(n+1)°

2 (9.116)

To take a random example from the Patera-Sankoff tables [ 273], the SU (6) rep
dimension and Dynkin index

rep dim 2

(0,00,00,14) 11628 6460 (9.117)

check with the above expressions.

9.14 sU(n), U(n) EQUIVALENCE IN ADJOINT REP
The following simple observation speeds up evaluation of pure adjoint rep group-

theoretic weights (3n-j) sfor SU (n): The adjoint rep weightsfor U (n) and SU (n)
areidentical. This means that we can use the U (n) adjoint projection operator

u(n) : }{ = X (9.118)

instead of the traceless SU (n) projection operator (9.54), and halve the number of
termsin the expansion of each adjoint line.

Proof: Any internal adjoint line connects two Cjjk s:

Thetrace part of (9.54) cancelson each line; hence, it does not contributeto the pure
adjoint rep diagrams. As an example, we reeval uate the adjoint quadratic casimir

for SU(n):
w15 6 6

Now substitute the U (n) adjoint projection operator (9.118):

CaN =2 2 =2n(n*> 1),

in agreement with the rst exercise of section 2.2.
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9.15 SOURCES

Sections 9.3-9.9 of thischapter are based on Elvang et al. [ 113]. Theintroductionto
the Young tableaux folowsref. [ 113], which, in turn, is based on Lichtenberg [ 214]
and Hamermesh [ 153]. The rules for reduction of direct products follow Lichten-
berg [214], stated here as in ref. [112]. The construction of the Young projection
operators directly from the Young tableaux is described in van der Waerden [ 334],
who ascribes the idea to von Neumann.

R. Penrose s papers are the rst (known to the authors) to cast the Young pro-
jection operators into a diagrammatic form. Here we use Penrose diagrammatic
notation for symmetrization operators[ 280], Levi-Civitatensors[282], and strand
networks [281]. For several speci c, few-particle examples, diagrammatic Young
projection operators were constructed by Canning [ 41], Mandula[227], and Sted-
man [318]. A diagrammatic construction of the U (n) Young projection operators
for any Young tableau was outlined in the unpublished ref. [ 186], without proofs;
the proofs of appendix B that the Young projection operators so constructed are
unique were giveninref. [ 112].
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Chapter Ten

Orthogonal groups

Orthogonal group SO(nN) is the group of transformations that leaves invariant a
symmetric quadraticform (q,q) =g q ¢ :

g =0 = —o—— , =1,2,...,n. (10.1)
If (q,q) isaninvariant, so isits complex conjugate(q,q) =9 q q ,and
g =0 = o (10.2)

isalsoaninvarianttensor. Thematrix A =g ¢ mustbeproportional tounity, as
otherwise its characteristic equation would decompose the de ning n-dimensional
rep. A convenient normalizationis
g 9 =
————— = ——. (10.3)
As theindices can be raised and lowered at will, nothing is gained by keeping the

arrows. Our conventionwill beto perform all contractionswith metric tensorswith
upper indices and omit the arrows and the open dots:

g . (10.9)
All other tensorswill have lower indices. For example, Lie group generators (T ;)
from (4.31) will be replaced by

(i) ZJ“’- (Ti) ZJ—-

The invariance condition (4.36) for the metric tensor

L

(M) g +(M) g =0 (10.5)
becomes, in this convention, astatement that the SO (n) generatorsare antisymmet-
ric:

T = @ . (10.6)
Our analysis of the reps of SO(n) will depend only on the existence of a sym-
metric metric tensor and its invertability, and not on its eigenvalues. The resulting
Clebsch-Gordan series applies both to the compact SO(n) and noncompact orthog-
onal groups, such as the Minkowski group SO(1, 3). In this chapter, we outline the
construction of SO(n) tensor reps. Spinor reps will be taken up in chapter 11.
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10.1 TWO-INDEX TENSORS

In section 9.1 we have decomposed the SU (n) 2-index tensors into symmetric and
antisymmetric parts. For SO(n), theruleisto lower all indices on all tensors, and
the symmetric state projection operator (9.2) is replaced by

S =g g S
=2@ 9 +g 9 )
) g g g 9
From now on, wedrop al arrowsandg  sand write (9.4) as

1 1
g 9 =§(g g +9 9 )+§(g g g9 ). (10.7)

The new invariant, speci ¢ to SO(n), isthe index contraction:

T, =99, 17=) (. (10.8)

The characteristic equation for the trace invariant

T2 = ) O C =nT (10.9)

yields the trace and the traceless part projection operators (9.53), (9.54). As T is
symmetric, ST = T, only the symmetric subspace is resolved by this invariant.
The nal decomposition of SO(n) 2-index tensorsis

tracel ess symmetric:

(P2) . =3@ 0 +9 9) rgg = S C

(10.10)
singlet: (P1) :%g g :%) C (10.12)

antisymmetric: (P3) | :%(g g g g )= I . (10.12)

The adjoint rep (9.57) of SU(n) is decomposed into the traceless symmetric and
the antisymmetric parts. To determinewhich of them isthe new adjoint rep, we sub-
stitute them into the invariance condition (10.5). Only the antisymmetric projection
operator satis estheinvariance condition

HoB

so the adjoint rep projection operator for SO(n) is

g}{: I . (10.13)
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Young tableaux L[] ] = + H + Dj
Dynkinlabels (10...) (10...)= (00...) + (010...) + (20..))
Dimensions n? = 1 + M + (n+2)2(n 1)
Dynkin indices 2n-15 = 0 n+2

+ 1+ 2
Projectors =%D C+ I + %D C

Table 10.1 SO(n) Clebsch-Gordan seriesfor V. V.

The dimension of SO(n) is given by the trace of the adjoint projection operator:

1
N=trPa= K = % . (10.14)

Dimensions of the other reps and the Dynkin indices (see section 7.5) arelisted in
table 10.1.

10.2 MIXED ADJOINT  DEFINING REP TENSORS

The mixed adjoint-de ning rep tensors are decomposed in the same way as for
SU(n). Theintermediate de ning rep state matrix R (9.60) satis es the character-

istic equation
R2=>—O—<=n21R. (10.15)

The corresponding projection operators are
2
P ’
P,= 2 . (10.16)
n 1
The eigenvalue of Q from (9.61) on the de ning subspace can be computed by
inserting the adjoint projection operator (10.13):

on- /-

Q? isalso computed by inserting (10.13):

B 1 1
Q?= =5 ) ?{ =51 Q). (10.18)

~ < <

N =

R. (10.17)
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Theeigenvaluesare{ 1, %}, and the associated projection operators (3.48) are

2 2 2 2 3
= — =+ = — R —+ = _ —+ -
P=P(1+Q=5 1 ——R (1+Q=; 1+Q —R
2 -
=< + 10.1
3 — & n 1 ( 9
1 1
Ps=Paz(l 2Q)=3 2?{ . (10.20)

< <

This decomposition is summarized in table 10.2. The same decomposition can be
obtained by viewing the SO(n) de ning-adjoint tensors as H [J products, and
starting with the SU (n) decomposition along the lines of section 9.2.

10.3 TWO-INDEX ADJOINT TENSORS
Thereduction of the 2-index adjoint rep tensors proceedsasfor SU (n). The annihi-

lation matrix R (9.78) induces decomposition of (10.11) through (10.12) into three
tensor spaces

DG GO D00

On the antisymmetric subspace, the last term projects out the adj oint rep:
A=
= +
n 2
Thelast termin (10.21) does not affect the symmetric subspace

j]:& O I}
I} I} (10.23)

because of the antisymmetry of the SO(n) generators (djjx = 0 for orthogonal
groups). The second term in (10.21),

:m %) C. (10.24)

projects out the intermediate symmetric 2-index tensors subspace. To normalizeit,
we compute (RS)?:

eo= (0§ O (0

4

(10.22)

|I—‘f\)|

(10.25)
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RS decomposes the symmetric 2-index adjoint subspace into

o G
D oo

o= i:n42 m %) (. 02

Because of the antisymmetry of the SO(n) generators, theindex interchange matrix
(9.77) is symmetric,

SQ=S5Q =Q

838 =

so it cannot induce adecomposition of the antisymmetric subspacein (10.22). Here
Q indicatesthe diagram for Q with the arrow reversed. On the singlet subspace it

has eigenvalue 3:
QT = g} ( = %T . (10.28)

Onthe symmetric 2-index de ning rep tensors subspace, its eigenvalueis also % ,as
the evaluation by the substitution of adjoint projection operators by (10.13) yields

QR = g:c:): = %SR . (10.29)

Q? is evaluated in the same manner:

8848

_ % sq@ Q). (10.30)

Thus, Q satis esthe same characteristic equation asin (10.18). The corresponding
projection operators decompose the symmetric subspace (the third termin ( 10.26))
into

e [t (S
SR e O

P, = % 2 8 . (10.32)
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This Clebsch-Gordan seriesis summarized in table 10.3.

The reduction of 2-index adjoint tensors, outlined above, is patterned after the
reduction for SU (n). Another, fully equivalent approach, is to consider the SO(n)
2-index adjoint tensors as products and start from the decomposition of
section 9.5. Thiswill be partially carried out in section 10.5.

10.4 THREE-INDEX TENSORS

In the reduction of the 2-index tensors in section 10.1, the new SO(n) invariant
was theindex contraction (10.8). In general, for amulti-index tensor, the SU (n)

SO(n) reduction is dueto the additional index contraction invariants. Consider the
fully symmetric 3-index SU (n) statein table 9.1. The new SO(n) invariant matrix

on this spaceis
R:HE }E (10.33)

Thisisaprojection onto the de ning rep. The normalization follows from

el o gy o

The T rep of SU(N) thus splitsinto

=S ThEr IE ThE  ws

On the mixed symmetry subspacein table 9.1, one can try variousindex contraction
matrices Rj. However, their projections P, R P, are al proportional to

j]? ?]I (10.36)

Thenormalizationis xed by

3
E =<t 1 , (10.37)

and the mixed symmetry rep of SU (n) in (9.12) splitsas

4 _ 8
5@‘3«\ 1)11? ?]: (1039
gt T
+ .
3 n 1

The other mixed symmetry rep in table 9.1 splits in analogous fashion. The fully
antisymmetric space is not affected by contractions, as

EF =0 (10.39)

by thesymmetry of g . Besides, asH isthe adjoint rep, we have already performed

the H [] decomposition in the preceding section. The full Clebsch-Gordan series
for the SO(n) 3-index tensorsis given in table 10.4.
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10.5 GRAVITY TENSORS

Inadifferent application of birdtracks, wenow changethelanguageand construct the
irreducible rank-four gravity curvaturetensors. The birdtrack notation for Young

projection operators had originally been invented by Penrose [ 280] in this context.

The Riemann-Christoffel curvature tensor has the following symmetries[ 336]:

R = R
R =R (10.40)
R +R +R =0.
Introducing birdtrack notation for the Riemann tensor

R = R |, (10.41)

we can state the above symmetries as

==l (1042

, (10.43)

R +=5C R |=0. (10.44)

The rst condition saysthat R liesin [-|  [-| subspace. We have decomposed this
subspacein table 9.2. The second condition saysthat R liesin[-{ [ interchange-

R |+

|||||J| |
bk

symmetric subspace, which splitsinto - and E subspaces:

Thethird condition says that R has no componentsin the E space:

E R +E R +K R :3E R |=0. (10.46)

Hence, the Riemann tensor isapure B} tensor, whose symmetries are summarized
by the B} rep projection operator [ 280]:

PG

(PxR) =CPx) . R =R

4 R |=
3 =

w|

Pr) = (10.47)

A A A A

R |. (10.48)
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This compact statement of the Riemann tensor symmetries yields immediately the
number of independent components of R , i.e,, the dimension of the B} reps
intable 9.2:

n?(n®> 1)

12

TheRiemanntensor hasthe symmetriesof the B} repof SU (n). However, gravity is
also characterized by thesymmetrictensorg , that induceslocal SO(n) invariance
(more precisely SO(1,n 1), but compactness is not important here). The extra
invariantsbuilt fromg s decompose SU (n) repsinto sums of SO(n) reps.

The SU (n) subspace, corresponding to B} is decomposed by the SO(n) inter-
mediate 2-index state contraction matrix

Q= E . (10.50)

The intermediate 2-index subspace splits into three irreducible reps by (10.11)-
(10.12):

1 1
i PEE D PEG
=Qo+Qs +Qa. (10.51)

The Riemann tensor is symmetric under the interchange of index pairs, so the anti-
symmetric 2-index state does not contribute

PrQA =0. (10.52)
The normalization of the remaining two projectors is xed by computation of

Q2%, Q3
_ 2
"oThn D 9 '@ ’ (os9
_ 4 1

This completesthe SO(n) reduction of the B} SU(n) rep (10.48):

dr =trPr = (1049)

SuU(n) SO(n)

H HH +oom ¢+

Pr = Pw + Ps + Po  (10.55)
n?(n® 1) - (+2)(n+hnn 3) . ()0 H 4

12 12 2

Here the projector for the traceless B} tensorisgivenby Pw = Pr  Ps Py

o =4 4 . 2
w3 n 2 (n D 2)9'@'

(10.56)
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The above three projectors project out the standard relativity tensors:

Curvature scalar:
R= @ R =R (10.57)
Traceless Ricci tensor:
1  _ 1
R 19 R= QR +ﬁ) @ R (10.58)
Weyl tensor:
C =(PwR)
] 4 2
=—— Rl 5 21132 RI* o D 2)§I @ R
_ 1
=R +ﬁ(gR g R g R +g R )
1
m(g g g g )R. (10.59)

The numbers of independent components of these tensors are given by the dimen-
sions of corresponding subspaces in (10.55). The Ricci tensor contributes rst in
three dimensions, and the Weyl tensor  rst in four, so we have

n=2: R (PoR) =30 9 9 g )R
n=3: g R g R +g R g R (10.60)
309 99 )R.
The last example of this section is an application of birdtracksto general relativity

index manipulations. Theobjectisto ndthecharacteristic equation for the Riemann
tensor in four dimensions. We contract (6.24) with two Riemann tensors:

(10.61)

@

R

Expanding with (6.19) we obtain the characteristic equation

“

For example, thisidentity has been used by Adler et al., eq. (E2) inref. [ 5].

«g«:
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10.6 SO(n) DYNKIN LABELS

In general, one has to distinguish between the odd- and the even-dimensional or-
thogonal groups, aswell astheir spinor and nonspinor reps. In this chapter, we study
only the tensor reps; spinor repswill be taken up in chapter 11.

For SO(2r + 1) repstherearer Dynkinlabels(aiaz...ar 1Z).If Z isodd, the
repisspinor; if Z iseven, it istensor. For the tensor reps, the corresponding Young
tableau in the Fischler notation [122] is given by

4
(aiaz...ar 1Z2) (a1a2...ar 1500...). (10.63)
For example, for SO(7) rep (102) we have

(102)  (1010...) = Ej . (10.64)

For orthogonal groups, the Levi-Civitatensor can be used to convert along column

of k boxesintoashort columnof (2r+1 k) boxes. The highest columnthat cannot

be shortened by this procedure has r boxes, where r isthe rank of SO(2r + 1).
For SO(2r) reps, the last two Dynkin labels are spinor roots

(ai1az...ar 2Y Z). Tensor reps have Y + Z = even. However, as spinors are

complex, tensor reps can also be complex, conjugate reps being related by

(a1a2 LY Z) = (a]_az - ZY) . (1065)
ForZ Y, Z+Y even,thecorresponding Young tableau is given by
Z Y

(aiaz...ar 2YZ) (ai1az...ar 2

5—00..). (10.66)

The Levi-Civitatensor can be used to convert long columnsinto short columns. For
columns of r boxes, the Levi-Civitatensor splits O(2r) repsinto conjugate pairs of
SO(2r) reps.

We nd the formulaof King [191] and Murtaza and Rashid [ 251] the most con-
venient among various expressions for the dimensions of SO(n) tensor reps given
intheliterature. If the Youngtableau isrepresentedasin section 9.3, thelist of the
row lengths[ 1, 2,... ], thenthedimension of the corresponding SO(n) repis
given by

Cds  (i+n k i 1)
o, (n 2i)!

Herep isthetotal number of boxes, and d s isthe dimension of the symmetric group
rep computedin (9.16). For SO(2r) and = r, thisrepisreducibleand splitsinto
aconjugate pair of reps. For example,

d

k
(i+ j+n i J).  (1067)
j=1

n(n? 4)
3

h= 311‘-(n+2)n(n 2) =
11
d.,_ (n+2)n(n 1)(n 3)
H= 8
n+2)(n+1)n(n 3)
iz P ’

(10.68)
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in agreement with (10.55). Even though the Dynkin labels distinguish SO(2r + 1)
from SO(2r) reps, thisdistinctionissigni  cant only for the spinor reps. The tensor
reps of SO(n) have the same Young tableaux for the even and theodd n s,
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Chapter Eleven

Spinors

P. Cvitanovigand A. D. Kennedy

In chapter 10 we have discussed the tensor reps of orthogonal groups. However,
the spinor reps of SO(n) also play a fundamental role in physics, both as reps of
space-time symmetries (Pauli spin matrices, Dirac gamma matrices, fermions in
D-dimensional supergravities), and as reps of internal symmetries (SO(10) grand
uni ed theory, for example). In calculations of radiative corrections, the QED spin
traces can easily run up to traces of products of some twelve gammamatrices[ 195],
andef cientevaluationalgorithmsareof great practical importance. A most straight-
forward algorithmwould evaluate such atraceinsome 11!l = 11¢9¢7¢53 10, 000
steps. Even computers shirk such tedium. A good algorithm, such as the ones we
shall describe here, will dothejobinsome6? 100 steps.

Spinors cameto Cartan [43] as an unexpected fruit of his labors on the complete
classi cation of reps of the simple Lie groups. Dirac [ 95] rediscovered them while
looking for alinear version of therelativistic Klein-Gordon equation. Heintroduced
matrices , which were required to satisfy

(o o+pra+.. =@ pPL P3 ... (11.1)
Forn = 4 heconstructed sas[4 4] complex matrices. For SO(2r) and SO(2r +
1) -matriceswere constructed explicitly as[2" 2"] complex matrices by Weyl and
Brauer [344].

In the early days, such matrices were taken as a literal truth, and Klein and
Nishina [196] are reputed to have computed their celebrated Quantum Electrody-
namics crosssection by multiplying -matrices by hand. Every morning, day after
day, they would multiply away explicit[4 4]  matricesand sumover s.Inthe
afternoon, they would meet in the cafeteria of the Niels Bohr Institute to compare
their results.

Nevertheless, al information that is actually needed for spin traces evaluation
is contained in the Dirac algebraic condition (11.1), and today the Klein-Nishina
trace over Dirac  sisatextbook exercise, reducible by several applications of the
Clifford algebraconditionon -matrices:

{ . 1}= + =29 1. (11.2)

Iterative application of this condition immediately yields a spin traces evaluation
algorithm in which the only residue of -matrices is the normalization factor tr 1.
However, this simple algorithm is inef cient in the sense that it requires a com-
binatorially large number of evaluation steps. The most ef cient algorithm on the
market (for any SO(n)) appears to be the one given by Kennedy [ 185, 81]. In
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Kennedy salgorithm, one views the spin trace to be evaluated as a3n-j coef cient.
Fierz [120] identities are used to express this 3n-j coef cientinterms of 6-j coef-

cients (see section 11.3). Gamma matrices are [2"/2  2"/2] in even dimensions,
[2( D72 2 /2] in odd dimensions, and at  rst sight it is not obvious that a
smooth analytic continuation in dimension should be possible for spin traces. The
reason why the Kennedy algorithm succeeds is that spinors are really not there at
all. Their only role is to restrict the SO(n) Clebsch-Gordan series to fully anti-
symmetric reps. The corresponding 3-j and 6-j coef cients are relatively simple
combinatoric numbers, with analytic continuations in terms of gamma functions.
The case of four spacetime dimensions is special because of the reducibility of
SO(4) toSU(2) SU(2). Farrar and Neri [115], who as of April 18, 1983, have
computed in excess of 58,149 Feynman diagrams, have used this structure to de-
velop avery ef cient method for evaluating SO(4) spinor expressions. An older
technique, described here in section 11.8, is the Kahane [178] agorithm, which
implements diagrammatically the Chisholm [55] identities. REDUCE, an algebra
manipulation program written by Hearn [ 159], uses the Kahane algorithm. Th rn-
blad [323] has used SO(4) SO(5) embedding to speedup evaluation of traces
for massive fermions.

This chapter is based on ref. [ 81].

11.1 SPINOGRAPHY

Kennedy [185] introduced diagrammatic notation for -matrices

( ap= , ab=1,2,...,2"2 o 2(n D72
a-<---- b
lp=a---<«---b,  =12,...,n
€
ril=; . (11.3)

Inthis context, birdtracksgo under thename spinography. For notational simplic-
ity, wetakeall -indicesto belower indicesand omit arrows on the n-dimensional
rep lines. The n-dimensional rep is drawn by a solid directed line to conformto the
birdtrack notation of chapter 4. For QED and QCD spin traces, one might prefer the
conventional Feynman diagram notation,

( )ab:a—i—<—b,

wherethephotons/gluonsareinthen-dimensional repof SO(3, 1), and electronsare
spinors. We eschew such notation here, asit would con ict with SO(n) birdtracks
of chapter 10. The Clifford algebra anticommutator condition (11.2) is given by

H - U . (11.4)
R T
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For antisymmetrized products of -matrices, this leads to the relation
123 p 12 p 12 p

I e

(we leave the proof as an exercise). Hence, any product of -matrices can be ex-
pressed as a sum over antisymmetrized products of -matrices. For example, sub-
stitute the Young projection operatorsfrom gure 9.1 into the products of two and
three -matricesand use the Clifford algebra (11.4):

H< :HZ " u( (116
=1 1Y

(11.5)

Only the fully antisymmetrized productsof s areimmuneto reduction by ( 11.4).
Hence, the antisymmetric tensors

© = 1 = €------ = 0
,(,,,,,,
@ = = = 1
,( ,,,,,, ,(,,,,,,
2
@ = 1, ] = = 2 (11.8)
<« <
® _ _ _
= | = = 3
D <
1 a
@eia = Ly e oa = = = 3
<1 <t

provide a complete basis for expanding products of -matrices. Applying the anti-
commutator (11.4) toastringof s, wecanmovethe rst all theway totheright
and obtain

=21 Kl
st IR A, (RS
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1
— 1 2 P 2 P 1) —
2( )
gtz 3... P gt3 2 P+ .. (11.10)

Thisidentity has three immediate consequences:
(i) Tracesof odd numbersof svanishfor n even.
(ii) Tracesof even numbersof s can be evaluated recursively.
(ili) The result does not depend on the direction of the spinor line.

According to (11.10), any -matrix product can be expressed as a sum of terms
involvingg  sand the antisymmetric basistensors  ®, soin order to prove (i) we
need only to consider tracesof  (® for a odd. This may be done as follows:

nwv i = v =C =2ay v !
=2av [ '=((Ra n)v )
/// \A\, -
1. a
n av 1=0. (11.11)

In the third step we have used (11.10) and the fact that a is odd. Hence, tr @
vanishes for all odd a if n iseven. If nisodd, tr ™ does not vanish because by

(6.28),
12 n
Mt - — a1
DI EIRNE (”l”

The n-dimensional analogue of the s,
) (11.13)

commuteswith all -matrices, and, by Schur slemma, it must be a multiple of the
unit matrix, so it cannot be traceless. Thisproves (i). (11.10) relates traces of length
p totracesof lengthp 2, so (ii) gives
< RN
—_— — = ) —

\
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tr =(trl)g |, (11.14)
R X)
/-\ (M)
tr =trl{g g¢ g g +g g }, (11.15)
_>‘\//‘,_ = « /‘, + ) C
/'\

(11.16)

KOG
;:b DX
Eli% D
5 7RAC

The result is awaysthe (2p  1)!! ways of pairing 2p indices with p Kronecker
deltas. It is evident that nothing depends on the direction of spinor lines, as spinors
are remembered only by an overall normalization factor tr 1. The above identities
are in principle a solution of the spinor traces evaluation problem. In practice they
are intractable, asthey yield afactorially growing number of termsin intermediate
steps of trace evaluation.

11.2 FIERZING AROUND

The algorithm (11.16) is too cumbersome for evaluation of traces of more than
four or six -matrices. A more ef cient algorithm is obtained by going to the

basis (11.8). Evaluation of traces of two and three s is a smple combinatoric
exercise using the expansion (11.16). Any term in which apair of g indices gets

antisymmetrized vanishes:
Hﬁ =0. (11.17)

That impliesthat s are orthogonal:

e €
b = wall a . (11.18)

a
_Z . J

Herea! isthe number of termsin the expansion ( 11.16) that survive antisymmetriza-
tion (11.18). A trace of three  sis obtained in the same fashion:

by, u==(a+b «c).
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Asthe sprovideacompletebasis, we can expressaproduct of two matricesas
asumover s, with the extraindicescarried by g s. From symmetry alone we
know that termsin this expansion are of the form

(11.19)

The coef cients Cy, can be computed by tracing both sides with ¢ and using the
orthogonality relation (11.18):

N 2N
D 1 1‘\y

7

cltrl H
C
,(,,/ SR 7( ,,,,,,,,,

Cc
We do not have to consider traces of four or more s, asthey can al be reduced to
three- traces by the aboverelation.
Let usnow streamlinethe birdtracks. The orthogonality of  s(11.18) enablesus
to introduce projection operators

(11.20)

1 & i
(Pa)cd,ef:m [+ 2°° 4l ab( a ... 1)cd
1 d-« ,-- € 1 «
= —— &l . (11.21)
e - >t oall 3

Thefactor of tr 1 ontheleft-hand sideisaconvenient (but inessential) normalization
convention. It is analogous to the normalization factor a in (4.29):

P 3N c
& T P ——. (11.22)

\

With this normalization, each spinor loop will carry factor (tr 1) !, and the nal
resultswill haveno tr 1 factors. a, b, . . . arerep labels, not indices, and the repeated
index summation convention does not apply. Only the fully antisymmetric SO(n)
reps occur, so a single integer (corresponding to the number of boxesin the single
Young tableau column) issuf cient to characterize arep.

For thetrivial and the single -matrix reps, we shall omit the labels,

A e X 7 A ;7 A ;77
O = 1 = e (11.23)

/ \ / 1 / \ / \ )

- b - \* - b _ -
in keeping with the original de nitions (11.3). The 3- trace (11.19) de nesa 3-

vertex
b a b
) Tl
Y —— (11.24)
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that is nonzero only if a + b + c is even, and if a, b, and ¢ satisfy the triangle
inequalitiesla b| ¢ |a+h|. Weapologizefor using a, b, ¢ bothfor the SO(n)
antisymmetric representations labels, and for spinor indicesin (11.3), but the Latin
alphabet has only so many letters. It is important to note that in this de nition the
spinor loop runs anticlockwise, as this vertex can change sign under interchange of
two legs. For example, by (11.19),

2 2
T:C

2
2 2
:CY =C( 1)3Y =(1)° Y .(11.25)
2

This vertex couples three adjoint representations (10.13) of SO(n), and the sign
ruleistheusual rule (4.46) for the antisymmetry of Cjjk constants. The general sign
rule followsfrom (11.19):

a b a b

T = ( pystrturus Y . (11.26)

The projection operators P, (11.21) satisfy the completenessrelation (5.8):

SR S
fffff <- - <

Thisfollowsfrom the completeness of ) s usedinderiving (11.20). We have already
drawn the left-hand side of (11.20) in such a way that the completeness relation

(11.27) is evident:
N NS

N ’ N 7
Y * ¢ tl’ 1 CH:
7(7;/\ \\»777 74(» 777777
In terms of the vertex (11.24) we get
a b a

b
“ w = Y . (11.28)
Ao L.

Inthisway we can systematically replaceastringof -matricesby treesof 3-vertices.
Before moving on, let us check the completeness of P,. P, projects spinor
antispinor  antisymmetric a-index tensor rep of SO(n). Its dimension was

computed in (6.21):

b - La /NN
do=trPo=gri®i=()= . (11.29)
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da isautomatically equal tozerofor n < a; thisguaranteesthe correctnessof treating
(11.28) asan arbitrarily large sum, even though for agiven n it terminatesat a = n.
Tracing both sides of the completenessrelation (11.27), we obtain adimension sum
rule:

(tr12=  do= | =@+ =2". (11.30)
a a=0 a
Thiscon rmstheresultsof Weyl and Brauer [ 344]: for even dimensionsthe number
of componentsis2™, so s can be represented by complex [2™/2 2"/2] matrices,
For odd dimensionstherearetwo inequival ent spinor repsrepresented by [2 (" D/2
2" 1/2] matrices (see section 11.7). Thisinessential complication has no bearing
on the evaluation algorithm we are about to describe.

11.2.1 Exemplary evaluations

What have we accomplished? Iterating the completeness relation (11.28) we can
make -matrices disappear atogether, and spin trace evaluation reduces to combi-
natorics of 3-vertices de ned by the right-hand side of (11.19). This can be done,
but is it any quicker than the simple algorithm (11.16)? The answer is yes: high
ef ciency can be achieved by viewing acomplicated spin trace asa3n-j coef cient
of section 5.2. To be concrete, take an eight -matrix trace as an example:

<~

tr( )= j:@ (11.31)

Such a 3n-j coef cient can be reduced by repested application of the recoupling
relation (5.13)

IR S5

2 = T (11.32)
,,,,,, _ €. _ b

> b dp

In the present context this relation is known as the Fierz identity [ 120]. It follows
from two applicationsof the completenessrelation, asin (5.13). Now we can redraw
the 12-j coef cient from (11.31) and erzon

_ b
= £ @ . (11.33)
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Another exampleis the reduction of avertex diagram, a special case of the Wigner-
Eckart theorem (5.24):

a (11.34)

— b c ’lg
=N
bed /\,dbdc B/ \C

( 1)d/2 /I\\ //I\\
— < Sl AQ : (11.35)
b,c,d dbdcr\ /‘, =5 = —_—

In this way, any spin trace can be reduced to a sum over 6-j and 3-j coef cients.
Our next task is to evaluate these.

11.3 FIERZ COEFFICIENTS

The 3-j coef cientin (11.33) can be evaluated by substituting (11.19) and doing
some combinatorics

thic! 1 |
- m ~ situ! n s : t ou)!’ (11.36)

s,t,uarede nedin(11.19). Notethata+b+c=2(s+t+u),anda+b+cis
even, otherwise the traces in the above formula vanish.

The6-j coef cientsintheFierzidentity (11.32) are not independent of the above
3-J coef cients. Redrawinga6-j coef cient slightly, we can apply the compl eteness
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relation (11.28) to obtain
S T S T
PR EOE

FER R
b b

Interchanging j and k by the sign rule (11.26), we express the 6-j coef cient asa
sum over 3-j coef cients:

*L = 1)“”““%@. (11.37)

c C

Usingrelationst=a u,s=b u,a+t+u=a-+b u,wecanreplace[49]
the sum over ¢ by the sum over u:

1 ¥ﬂ b b b n b
L ¥a = 1) 1 . 11.38
e (11.39)

u rangesfrom 0 to a or b, whichever issmaller, and the 6-j sfor low valuesof a are
particularly simple

1 1 (<.
R A m =da, (11.39)
0 Co

1 b
— P = D% 2a)da, (11.40)
)

Al (n 232 n

L Tt (11.41)

Kennedy [185] has tabulated Fierz coef cients[120, 278, 278] Fye, b,c 6. They
arerelated to 6-j shy

c b
bl 1 —— b! a n a
= ad_ " Hb// :( ]_)bca ( 1)u u b u o (1142)
H a Al . =0

7
N|% a=

I:bc

11.4 6-j COEFFICIENTS

To evaluate (11.35) we need 6-J coef cients for six antisymmetric tensor reps of
SO(n). Substitutions (11.24), (11.21), and (11.19) lead to a strand-network [ 280]



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

SPINORS 145

expression for a6-j coef cient,

-6

5 (aj!
6 TR - ue
-

Pick out alinein astrand, and follow its possible routes through the strand network.
Seven types of terms give nonvanishing contributions: four mini tours

p PRGN PN 3 AN PRGN
p sTTN AR \ ST TN
J / » " \ \ M \ h
! NS AN [ ANPAN 11.44
| N | N N |
LI £~ - L L. .
2 777N h
’ ’ ’
\ \ \
7 .
D ’

and three grand tours

(11.45)

Let the numbers of lines in different toursbe tq, to, t3, t4, ts, tg and t7. A nonvan-
ishing contributionto the6-j coef cient (11.43) correspondsto apartition of twelve
strands, s1, S», ..., S12 into seventoursty, tp, ..., t7

(11.46)

Comparing with (11.43), we see that each sj isasum of two tj s. 57 = to + t,
Sy =t +t7, etc. Itissuf cient to specify onety; this xesal t; s. Now one stares
at the above gure and writes down

=12

t! i—1 Si!

-7 1
i= Gl =1 8!

M(tl): r_; = t=t1+0+...+1ty (1147)
(awell-known theorem states that combinatorial factors cannot be explained[ 162]).
The (') factor counts the number of ways of coloringt; +t; + ... + t7 lineswith
n different colors. The second factor counts the number of distinct partitions of t
linesinto seven strandsts, ts . . ., t7. Thelast factor again comes from the projector
operator normalizationsand the number of ways of coloring each strand and cancels
against the corresponding factor in (11.43). Summing over the allowed partitions
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(for example, taking 0 t;  s), we nally obtain an expression for the 6-j

coef cients:
_ n t!
~\ Itoltalt, 1t te 1t ]
a3 . t ot lts!tg!ty!
a;+a,+a a; +az+ag+a
t, = 1 2 3 4t ts = 1 3 4 6 ¢
2 2
a; +az+a a; +a, +ag +a
= atdBHA =t t@raata
2 2
a>»+as+a ap, +az +ag+a
tz3 = G2TGaTde 6+t t; = 2 3 > 6 t
2 2
azg+as+a
t, = ¥+t_ (11.48)

The summationin (11.48) isover al values of t, such that al the t; are nonnegative
integers. The 3-j (11.36) is a special case of the 6-j (11.48). The 3-j sand 6-j s
evaluated here, for all reps antisymmetric, should suf ce in most applications.

The above examples show how Kennedy s method produces the n-dimensional
spinor reductionsneeded for the dimensiona regularization[ 161]. Itsef ciency pays
off only for longer spin traces. Each -pair contraction produces one 6-j symbol,
and the completeness relation sums do not exceed the number of pair contractions,
sofor2p -matricesthe evaluation does not exceed p? steps. Thisis far superior to
theinitial algorithm (11.16).

Finally, a comment directed at the reader wary of analytically continuing in n
while relying on completeness sums (de Wit and t Hooft [ 94, 303] anomalies).
Troublecould ariseif, aswe continuedto low n, thek > n termsin the compl eteness
sum (11.27) gave nonvanishing contributions. We have explicitly noted that the
dimension, 3-J and 6-j coef cientsdo vanishfor any repif k > n. The only danger
arisesfromtheFierz coef cients(11.32): aratioof 6-j andd canbe nitefor j > n.
However, oneis saved by the projection operator in the Fierz identity (11.32). This
projection operator will eventually end up in some 6-j or 3-j coef cient without d
in the denominator (asin (11.33)), and the whole term will vanishfor k > j.

11.5 EXEMPLARY EVALUATIONS, CONTINUED

Now that we have explicit formulasfor all 3-j and 6-j coef cients, we can complete
the evaluation of examples commenced in section 11.2.1. Theeight -matrix trace
(11.33) isgiven by

¥ 2 »I 2
T e e
/ Y Y

=n + nin 1)(n 4)?, (11.49)
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and theten -matrix trace (11.35) by

S ,/2\\\
| =
N dy: \ (2N
h/’ﬁhﬁ hC/T*\\
dodz' | d2i

!
v

=nd®+n(n 1)(n 42 2n’(n 1)(n 4)
nin 1)(n 2)(n 4)>?

=n®* n(n 1) 4)(n> 5n+12). (11.50)

11.6 INVARIANCE OF -MATRICES

Theabovediscussion of spinorsdid not follow the systematic approach of section 3.4
that we employ everywhere else in this monograph: start with alist of primitivein-
variants, nd the characteristic equationsthey satisfy, construct projection operators,
and identify the invariance group. In the present case, the primitive invariants are
g , apand( )ap. Wecould retroactively construct the characteristic equation for
Qabcd = ( )ad( )ep from the Fierz identity (11.32), but the job is already done
and then eigenvaluesare given by (11.38)—11.41). Theonly thing that we still need
to dois check that SO(n), theinvariancegroup of g , isalso the invariance group
of ( )ab-

The SO(n) Lie algebrais generated by the antisymmetric projection operator
(8.7),or @ inthe -matrix notation (11.8). The invariance condition (4.36) for

-matricesis
J ‘ \+ \h =0. (11.51)

To check whether () respects the invariance condition, we evaluate the rst and
the term by means of the completenessrelation (11.28):

| | =+

The minus sign comes from the sign rule (11.26). Subtracting, we obtain

d] 2 Y
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Thisalready hastheform of theinvariance condition ( 11.51), modulo normalization
convention. To x the normalization, we go back to de nitions (11.8), (11.24),

(11.19):
Bl R W0 s
e e e

Theinvariancecondition (11.51) now xestherelative normalizationsof generators
in the n-dimensional and spinor rep. If we take (8.7) for the n-dimensional rep

T ) = ){ = I , (11.53)

then the normalization of the generatorsin the spinor repis

a(J fff } ff b

The -matrix invariance condition (11.51) written out in the tensor notation is

L ECH T (1155)

If you prefer generators (T)ap indexed by the adjoint rep index i = 1,2,..., N,
then you can use spinor rep generatorsde ned as

(T = J =1 A _ (11.56)
a---<--- b 4a~ --4--b

Now we can compute various casimirs for spinor reps. For example, the Dynkin
index (section 7.5) for the lowest-dimensional spinor rep is given by

[ . 1. (11.54)

N
@]

(T Da =

YA tra 20313

_@_S(n 2) n 2°
From the invariance of  follows invariance of al &) In particular, the invari-

ance condition for (@ jsthe usua Lie algebra condition (4.47) with the structure
constants given by (11.25).

(11.57)

11.7 HANDEDNESS

Among thebases(11.8), “P »... »iSSpecial;itprojectsontoal-dimensional space,
and the antisymmetrization can be replaced by a pair of Levi-Civitatensors (6.28):

12.n 12..n
M = H = “—ll , (11.58)
N N Bl PR m o

The corresponding clebsches arethe generalized 5 matrices,

1 )
—= L o =inee b (11.59)
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The phase factor is, as explained in section 4.8, only a nuisance that cancels away
inphysical calculations.  satis esatrivia characteristic equation (use (6.28) and
(11.18) to evaluate this),

=g ML =5 (CAN, =2 @

which yields projection operators (4.18):
P, = %(1+ )y, P = %(1 ). (11.61)

The reducibility of Dirac spinors does not affect the correctness of the Kennedy
spintracesalgorithm. However, thisreduction of Dirac spinorsisof physical interest,
so we brie y describe the irreducible spinor reps. Let us denote the two projectors
diagrammatically by

1=P,+P
=T (11.62)
In even dimensions = , whilein odd dimensions = , SO
P, = P
+
n even: , (11.63)
Ed + = -~
P, = P+
+
n odd: . (11.64)
A S

Hence, intheodd dimensionsDirac ~ matrices decomposeinto apair of conjugate
[2(0 D72 (0 D/2] reng

n odd: =P, P.,+P P , (11.65)
and the irreducible spinor reps are of dimension 2 (™ /2,

11.8 KAHANE ALGORITHM

For the case of four dimensions, thereis afast algorithm for trace evaluation, due
to Kahane[179].
Consider a -matrix contraction,

S I

c a— ’u(’ y (1166)

and use the completenessrelation (11.27) and the vertex formula(11.34):
-

\_)
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oWy
=< < LT (L6

SR L I
For n = 4, this sum ranges over k = 0,1, 2, 3,4. A spinor trace is nonvanishing
only for even numbersof s, (11.16), so we distinguish the even and the odd cases
when substituting the Fierz coef cients (11.40):

_odd , ‘],l:';| I/|;'1|
o= S « (11.68)
« o B
e 5 I
== {‘M ! (11.69)
o L e e

The sign of the second term in (11.68) can be reversed by transposing the three
s (remember, the arrows on the spinor lines keep track of signs, cf. (11.24) and

(11.26)):

. o
But now the term in the brackets in (11.68) is just the completeness sum (11.27),
and the summation can be dropped:

/l \4\ /1/
= . (11.70)
— - — ( — -

odd N S

= L{ 4 o4+ 4 ' ,
B r/( \‘, ,,,:[,,(, ,,,:[3,,(,
(11.71)
J1|
Rule 1: = 2
,( S - — ,(//\’K/\<,,
-/
a bc--- da — 2 d-++ c b

The same trick does not work for (11.69), because there the completeness sum has
three terms:

1 , ‘ ‘
H| =— o+ e (11.72)
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However, as [a b] = b a]
,) ,,,,, ,( ,,,,,
H = H , (11.73)
,( ,,,,, ,( ,,,,,
thesumof 4 p... ganditstranspose ¢... b a has atwo-term completeness
sum:
(LR TR T
<«tJ--1 - ,(,:*1;,, y/ N - -€---- ,(,,M4,,,
Finally, we can changethesign of the secondtermin (11.69) by using{ s, a} = 0;
even I [l
B G R e L

€ ab--- cd e:2{d ab---ct c.-v ad}- (11.75)

This rule and rule (11.71) enable us to remove -contractions ( internal photon
lines ) one by one, at most doubling the number of terms at each step. These rules
are specia to n = 4 and have no n-dimensional generalization.

(11.74)
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Chapter Twelve

Symplectic groups

Symplectic group Sp(n) is the group of all transformations that leave invariant a
skew symmetric (p, q) = Fapp?q°:

far=Toa a,b=12,...n
P et neven. (12.1)

Thebirdtrack notationismoativated by the needto distinguishthe rst and the second
index: it is a specia case of the birdtracks for antisymmetric tensors of even rank
(6.57). If (p,q) isan invariant, so isits complex conjugate (p, q) = F*p4qp, and

fab — fba
= >4 (12.2)

isalso aninvariant tensor. Thematrix AR = f,F° must be proportional to unity, as
otherwise its characteristic equation would decompose the de ning n-dimensional
rep. A convenient normalizationis
facf ch — g
= = ——, (12.3)
Indices can be raised and lowered at will, so the arrows on lines can be dropped.
However, omitting symplectic invariants (the black triangles) is not recommended,

as without them it is hard to keep track of signs. Our convention will be to perform
al contractions with £2° and omit the arrows but not the symplectic invariants:

ab —

All other tensors will have lower indices. The Lie group generators (T ;). will be

replaced by
(T)ab = (Ti)a"Fer = J—v— . (12.5)

The invariance condition (4.36) for the symplectic invariant tensor is

AR

(Ti)acTeh + Fac(Ti)op =0 (12.6)

A skew-symmetric matrix fap hasthe inversein (12.3) only if detf = 0. That is
possible only in even dimensions[ 121, 144], so Sp(n) can berealized only for even
n.
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In this chapter we shall outline the construction of Sp(n) tensor reps. They are
obtained by contracting theirreducibletensorsof SU (n) with the symplecticinvari-
ant 2 and decomposing them into traces and traceless parts. The representation
theory for Sp(n) is analogous in step-by-step fashion to the representation theory
for SO(n). This arises because the two groups are related by supersymmetry, and
in chapter 13 we shall exploit this connection by showing that all group-theoretic
weightsfor the two groupsare related by anal ytic continuation into negative dimen-
sions.

12.1 TWO-INDEX TENSORS

Thedecomposition goesthe sameway asfor SO(n), section 10.1. Thematrix (10.8),

given by
T= } C (12.7)

satis es the same characteristic equation (10.9) as for SO(n). Now T is antisym-
metric, AT = T, and only the antisymmetric subspace gets decomposed. Sp(n)
2-index tensors decompose as

1 -1
ﬁfabfcd ~n

%(fad L fbd) %fabfcd

(12.8)
= ST
%(fadfbc + facfoa) = .

The SU(n) adjoint rep (10.14) is now split into traceless symmetric and antisym-
metric parts. The adjoint rep of Sp(n) is given by the symmetric subspace, as only
P3 satis estheinvariance condition (12.6):

[NE

Hence, the adjoint rep projection operator for Sp(n) is given by

% ){ = I (12.9)

singlet: (P1)ab,cd
antisymmetric:  (P2)ab,cd

symmetric: (P3)ab,cd

The dimension of Sp(n) is

+
N =trPa = _nn+1)

. (12.10)
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Young tableaux L[] []

Dynkinlabels (10..) (10...

Dimensions n

Dynkin indices =

Projectors

CHAPTER 12
= v (1] + -
= (00..) +(010..) + (20..))
- +1 2)(n+1
= 1+ DDy GRESIGES)
- n 2

S SESHIMENE MESNS

Table 12.1 Sp(n) Clebsch-Gordan seriesfor V. V.

Remember that all contractions are carried out by f2° hence the symplectic
invariants in the trace expression. Dimensions of the other reps and the Dynkin
indices (see section 7.5) arelisted in table 12.1.

Wecould continueasfortheSO(n) case,withA V,V V V,eesdecompositions,
but that woul d turn out to be astep-by-step repetition of chapter 10. Aswe shall show
next, reps of SO(n) and Sp(n) arerelated by a negative dimensional duality, so
there is no need to work out the Sp(n) reps separately.
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Chapter Thirteen

Negative dimensions

P. Cvitanovigand A. D. Kennedy

A cursory examination of the expressionsfor the dimensionsand the Dynkinindices
listedintables 7.3 and 7.5, and in the tables of chapter 9, chapter 10, and chapter 12,
reveal sintriguing symmetriesunder substitution n n. Thiskind of symmetry is
best illustrated by the reps of SU (n); if  stands for a Young tableau with p boxes,
and  for the transposed tableau obtained by ipping across the diagonal (i.e.,
exchanging symmetrizations and antisymmetrizations), then the dimensions of the
corresponding SU (n) reps are related by

SUM): d (n)=( 1)Pd~( n). (13.1)

Thisis evident from the standard recipe for computing the SU (n) rep dimensions
(section 9.3), as well as from the expressionslisted in the tables of chapter 9. In all
cases, exchanging symmetrizations and antisymmetrizations amounts to replacing
nby n.

Here we shall prove the following:

Negative Dimensionality Theorem 1: For any SU (n) invariant scalar exchanging
symmetrizations and antisymmetrizationsis equivalent to replacingn by  n:

SU(n) =SU( n). (13.2)

Negative Dimensionality Theorem 2: For any SO(n) invariant scalar there exists

the corresponding Sp(n) invariant scalar (and vice versa), obtained by exchanging

symmetrizations and antisymmetrizations, replacing the SO(n) symmetric bilinear

invariant gap by the Sp(n) antisymmetric bilinear invariant f 4y, and replacing n by
n:

SO(M)=35p( n), Sp(n)=S0( n). (13.3)

The bars on SU, Sp, SO indicate interchange of symmetrizations and antisym-
metrizations. In chapter 14 we shall extend therelation (13.3) to spinorial represen-
tations of SO(n).

Such relations are frequently noted in literature: Parisi and Sourlas [ 269] have
suggested that a Grassmann vector space of dimension n can be interpreted as an
ordinary vector space of dimension n. Penrose [ 280] has introduced the term

negative dimensions in his construction of SU(2)  Sp(2) reps as SO( 2).
King [191] has proved that the dimension of any irreducible rep of Sp(n) is equal
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to that of SO(n) with symmetrizations exchanged with antisymmetrizations (the
transposed Young tableau), and n replaced by n. Mkrtchyan [ 245] has observed
this relation for the QCD loop equations. With the advent of supersymmetries,
n n relations have become commonplace, as they are built into the structure
of groups such as the orthosymplectic group OSp(b, f).

Various examples of n n relations cited in the literature are al specia
cases of the theorems that we now prove. The birdtrack proof is smpler than the
published proofsfor the special cases. Some highly nontrivial examplesof n n
symmetries for the exceptional groups [ 78] will be discussed in chapter 18 and
chapter 20, where we show that the negative-dimensional cousins of SO(4) are
E-(56), Dg(32),+ ¢+, andthat for SU (3) then nsymmetry leadsto E(27), ¢+ .

13.1 SU(n) =SU( n)

As we have argued in section 5.2, al physical consequences of a symmetry (rep
dimensions, level splittings, etc.) can be expressed in terms of invariant scalars. The
primitiveinvariant tensorsof SU (n) arethe Kronecker tensor 2 andtheLevi-Civita
tensor a,...a,, - All other invariants of SU (n) are built from these two objects. A
scalar (3n-j coef cient, vacuum bubble) isatensor object withall indicescontracted,
whichin birdtrack notation correspondsto adiagram with no external legs. Thus, in
scalars, Levi-Civitatensorscan appear only in pairs (thelinesmust end somewhere),
and by (6.28) the Levi-Civita tensors combine to antisymmetrizers. Consequently
SU(n) invariant scalarsare all built only from symmetrizers and antisymmetrizers.
Expanding all symmetry operators in an SU (n) vacuum bubble gives a sum of
entangled loops. Each loop isworth n, so each term in the sum is a power of n, and
thereforean SU (n) invariant scalar is a polynomial in n.

Theideaof the proof isillustrated by thefollowing typical computation: evaluate,
for example, theSU (n) 9-j coef cient for recoupling of three antisymmetricrank-2

reps.

e
N
>
N
A A\ 4
<
Il

) &
) G

9@
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2 2

=n® n?> n?+n n’+n+n n
=n(n 1)(n 3). (13.4)

Notice that in the expansion of the symmetry operators the graphs with an odd
number of crossings give an even power of n, and vice versa. If we change the
three symmetrizersinto antisymmetrizers, the termsthat change the sign are exactly
those with an even number of crossings. The crossing in the original graph that had
nothing to do with any symmetry operator, appearsin every term of the expansion,
and thus does not affect our conclusion; an exchange of symmetrizations and anti-
Ssymmetrizations amountsto substitution n n. Theoverall signisonly amatter
of convention; it depends on how we de netheverticesinthe3n-j s.

The proof for the general SU (n) case is even simpler than the above example:
Consider the graph corresponding to an arbitrary SU (n) scalar, and expand all its
symmetry operators as in (13.4). The expansion can be arranged (in any of many
possible ways) as a sum of pairs of form

..+@—@+..., (13.5)

with a plus sign if the crossing arises from a symmetrization, and a minus sign if
it arises from an antisymmetrization. The gray blobs symbolize the tangle of lines
common to the two terms. Each graph consists only of closed loops, i.e., ade nite
power of n, and thus uncrossing two lines can have one of two consequences. If the
two crossed line segments come from the same loop, then uncrossing splitsthisinto
two loops, whereas if they come from two loops, it joins them into one loop. The
power of n is changed by the uncrossing:

© (S o

Hence, the pairs in the expansion (13.5) always differ by n—, and exchanging
symmetrizations and antisymmetrizations has the same effect as substituting n
n (up to anirrelevant overall sign). This completesthe proof of ( 13.2).

Some examplesof n n relationsfor SU (N) reps:

1. Dimensions of the fully symmetric reps (6.13) and the fully antisymmetric
reps (6.21) arerelated by the Beta-function analytic continuation formula

_ (n+p 1)
=P (n 1)

n!
(n )
2. Thereps(9.13) and (9.14) correspond to the 2-index symmetric, antisymmet-

ric tensors, respectively. Therefore, their dimensionsin gure 9.1 are related
by n n.

(13.7)
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3. Thereps(9.79) and (9.80) (see also table 7.5) are related by n n for the
same reason.

4. section 9.9.

13.2 SO(n) =Sp( n)

Inadditionto 2 and ap..4, SO(n) preserves a symmetric bilinear invariant g ap,
for which we have introduced open circle birdtrack notation in (10.1). Such open
circlescanoccurin SO(n) 3n-j graphs, ippingthelinedirections. TheLevi-Civita
tensor still cannot occur, as directed lines, starting onan  tensor, would haveto end
on ag tensor, that gives zero by symmetry. Sp(n) differsfrom SO(n) by having a
skew-symmetric Fap, for which we have introduced birdtrack notationin (12.1). In
Sp(n) we can convert a Levi-Civita tensor with upper indices into one with lower
indices by contracting with n £ s, with the appropriate power of det f appearing.
We can therefore eliminate pairs of Levi-Civitatensors. A single Levi-Civitatensor
can still appear in an Sp(n) 3n-j graph, but as

ﬁﬁ_& = Pf(f) , (13.8)

where Pf(f) isthe Pfaf an, and Pf(f)? = det f (that is|eft as an exercise for the
reader). Therefore a Levi-Civita can always be replaced by an antisymmetrization

m = (detf)

For any SO(n) scalar there exists a corresponding Sp(n) scalar, obtained by ex-
changing the symmetrizations and antisymmetrizations and the g 5, s and fa, Sin
the corresponding graphs. The proof that the two scalars are transformed into each
other by replacing n by n, is the same as for SU (n), except that the two line
segments at a crossing could come from a new kind of loop, containing g 5 S Of
Tab S. Inthat case, equation (13.6) is replaced by

Se B & -

While now uncrossing thelines does not change the number of loops, changingg an S
to f4, s does provide the necessary minus sign. This completes the proof of (13.3)
for the tensor reps of SO(n) and Sp(n).

(13.9)

Some examples of SO(n) = Sp( n) relations:

1. TheSO(n) antisymmetric adjoint rep (10.13) correspondsto the Sp(n) sym-
metric adjoint rep (12.9).

2. Comparetable 12.1 and table 10.1. Seetable 7.3, table 7.4, and table 7.2.
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3. Penrose[280] binors: SU(2) = Sp(2) = SO( 2).

In order to extend the proof to the spinor reps, we will  rst have to invent the
Sp(n) analog of spinor reps. We turn to this task in the next chapter.
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Chapter Fourteen

Spinors’ symplectic sisters

P. Cvitanovieand A. D. Kennedy

Dirac discovered spinorsin his search for a vectorial quantity that could be inter-
preted asa squareroot of the Minkowski 4-momentum squared,

(Pr 1+P2 2+P3 3+ps a)>= pi P53 p3+pi.
What happensif one extends a Minkowski 4-momentum (p 1, P2, P3, P4) into fermi-
onic, Grassmanndimensions(p n,P n+1,---, P 2,P 1,P1,P2,---, Pn 1,Pn)?

TheGrassmann sector p - anticommute and the gamma-matrix rel ativesinthe Grass-
mann dimensions have to satisfy the Heisenberg algebra commutation relation,

[ . 1=f 1,
instead of the Clifford algebra anticommutator condition (11.2), with the bilinear
invariantf = F  skew-symmetric in the Grassmann dimensions.

In chapter 12, we showed that the symplectic group Sp(n) is the invariance
group of a skew-symmetric bilinear symplectic invariant ¥ . In section 14.1, we
investigate the consequences of taking matrices to be Grassmann valued; we
are led to a new family of objects, which we have named spinsters [ 81]. In the
literature such reps are called metaplectic [ 335, 309, 192, 322, 300, 102, 193, 222].
Spinsters play arole for symplectic groups analogous to that played by spinors for
orthogonal groups. With the aid of spinsters we are able to compute, for example,
all the 3-j and 6-j coef cients for symmetric reps of Sp(n). We nd that these
coef cientsareidentical withthoseobtainedfor SO(n) if weinterchangetherolesof
symmetrization and antisymmetrization and simultaneously replace the dimension
n by n.Insection 14.2, we make use of the fact that Sp(2) SU(2) to show
that the formulas for SU (2) 3-j and 6-j coef cients are special cases of general
expressions for these quantities we derived earlier.

Thischapterishased onref. [ 81]. For adiscussion of therolenegative-dimensional
groups play in quantum physics, see ref. [ 102].

14.1 SPINSTERS

The Clifford algebra (11.2) Dirac matrix elements ( )apn are commuting numbers.
In this section we shall investigate consequences of taking to be Grassmann
valued,

( Jab( Jeda= ( Jed( Dab- (14.2)
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The Grassmann extension of the Clifford algebra (11.2) is

1

5[ , 1= 1, , =1,2,...,n, neven. (14.2)

The anticommutator gets replaced by a commutator, and the SO(n) symmetric
invarianttensorg by theSp(n) symplecticinvariantf . Just astheDirac gamma-
matriceslead to spinor reps of SO(n), the Grassmannvalued  giveriseto Sp(n)
reps, which we shall call spinsters. Following the Sp(n) diagrammatic notation
for the symplectic invariant (12.1), we represent the de ning commutation relation

(14.2) by
H - (14.3)
a<€ o

For the symmetrized productsof =~ matrices, the above commutation relations lead
to
123 p

Ji=aorie ol

As in chapter 11, this gives rise to a complete basis for expanding products of
-matrices. sare now the symmetrized productsof —matrices:
123 a

(14.4)

(14.5)

Notethat whilefor spinorsthe ) vanish by antisymmetry for k > n, for spinsters
the (9 sare nonvanishing for any k, and the number of spinster basis tensors is
in nite. However, the reduction of a product of k- -matricesinvolvesonly a nite

number of M, 0 1 k. Asthe components ( )a are Grassmann valued,
spinster traces of even numbersof  sare anticyclic:
tr =( Ja( Ja= tr
s _ N
\\'//’__ \\)‘/’_,
tr = tr (14.6)
N--/ N+/
¢ A = N

7\ 7\
In the diagrammatic notation we indicate the beginning of a spinster trace by a dot.

The dot keeps track of the signsin the same way as the symplectic invariant (12.3)
for f . Indeed, tracing (14.3) we have

tr =f trl
€.

— —= —— (14.7)

N , N ,
- -

Moving adot througha matrix givesafactor 1, asin (14.6).



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

162 CHAPTER 14

Spinster traces can be evaluated recursively, asin (11.7). For atrace of an even
number of swe have

Iﬁl,l,l IV I}P L‘HJ

i Neee \’. (14.8)

The trace of an odd number of s vanlshes [81]. Iteration of equation (14.8)
expressesaspinster traceasasumofthe(p D'=(p 1(p 3)...5.3.1ways
of connecting the external legswith ¥ . The overall signis xed uniquely by the
position of the dot on the spinster trace:

|JH VUL LU & (149

and so on (see (11.15)).

Evaluation of traces of several  sis again a simple combinatoric exercise. Any
term in which apair of f indices are symmetrized vanishes, which implies that
any ® withk > 0istraceless. The sareorthogonal:

PR SR A

jal g8 (14.10)

The symmetrized product of a f s denoted by

1
2t = ZﬂE (14.11)
a

is either symmetric or skew-symmetric:
At =( 18 a
g a
A spinster trace of three symmetric Sp(n) repsde nesa3-vertex:

R
e

=0 fora+b+c = odd,

S:%(b+c a), t:%(c+a b), u:%(a+b c). (14.13)

(14.12)

alble!
b slitlul

(1

Asin (11.20), s provide a complete basis for expanding products of arbitrary
numbersof  matrices:

W

- - b b! ’\/ I -*
M b
_ N PEE A (8
The coupling coef cientsin (14.14) are computed as spinster traces using the or-

thogonality relation (14.10). Asonly traces of evennumbersof ~ sarenonvanishing,
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spinster traces are even Grassmann elements; they thus commute with any other
and all the signs in the above completeness relation are unambiguous.

The orthogonality of s enables us to introduce projection operators and 3-
vertices:

1« 1 <.
S =t A (14.15)

TN A TN T/
| V- A a|,\ /\,, A

a b : a b
NE I
=< e (14.16)
d ]
C
Thesignfactor (1)t givesasymmetric de nition of the 3-vertex (see (3.11)). Itis

important to note that the spinster loop runs clockwisein thisde nition. Because of
(3.41), the 3-vertex has a nontrivial symmetry under interchange of two legs:

a b a b
T = ( 1)s+t+u Y ) (14.17)

Note that this is different from (11.26); one of the few instances of spinsters and
spinors differing in a way that cannot be immediately understood as an n n
continuation.

The completenessrelation (14.14) can be written as

=0l

/ V= —_— ) (14.18)
b oL - -
\ -- b
v oA L 2
The recoupling relation is derived as in the spinor case (11.32):
o
s e PELY I -<. /,(//‘/
C% = 5 = T (14.19)

I ,)ﬁ\d\ b ’\, \\’ db

Hered, isthe dimension of the fully symmetrized b-index tensor rep of Sp(n):

1
b ?
(/‘\\; b
dy = (<. @ _ n+tt)J 1 —( 1 bn @420

The spinster recoupling coef cients in (14.19) are analogues of the spinor Fierz
coef cientsin (11.32). Completeness can be used to evaluate spinster traces in the
same way as in examples (11.34) to (11.35).
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Thenext stepistheevaluationof 3-j s, 6-j s, and spinster recoupling coef cients.
The spinster recoupling coef cients can be expressed in terms of 3-j sjust asin

(11.37):
1 /’(/:\\\ _ a+b+c
— N b (1421

Theevaluation of 3-j and 6-j coef cientsisagain amatter of simple combinatorics:

+s+t+ +t+u)!
@c:( 1)+ n+s+t+u 1 (s+t u)., (14.22)

s+t+u sltiu!

n+t 1 ( D
t 11t 131ty Its 1t 1ty

(14.23)

with the t; de nedin (11.48).

We close this section with a comment on the dimensionality of spinster reps.
Tracing both sides of the spinor completeness relation (11.27), we determine the
dimensionality of spinor reps from the sum rule (11.30):

n
n
tr1)? = =2",
(tr1) .

a=0

Hence, Dirac matrices (in even dimensions) are [2™/2  2"/2], and the range of
spinor indicesin (11.3) isa,b =1,2,...,2"2,

For spinsters, tracing the completenessrelation (14.18) yields (thestring of  ma-
trices was indicated only to keep track of signsfor odd b s):

<< 1
,\’ ) ,\' V= /'—\‘Y%F} = dp (1424)
= "0
c=o0 b

Thespinster traceisin nite. Thisisthereasonwhy spinster tracesare not to befound
inthe list of the nite-dimensional irreducible reps of Sp(n). One way of making
the traces meaningful is to note that in any spinster trace evaluation only a nite
number of s are needed, so we can truncate the completeness relation ( 14.18) to
terms0 b bmax. A more pragmatic attitude is to observe that the nal results
of the calculation are the 3-j and 6-j coef cients for the fully symmetric reps of
Sp(n), and that the spinster algebra (14.2) isaformal devicefor projecting only the
fully symmetric reps from various Clebsch-Gordan series for Sp(n).

The most striking result of this section is that the 3-j and 6-j coef cients are
just the SO(n) coef cients evaluated for n n. The reason for this we already
understand from chapter 13.

When we took the Grassmann extension of Clifford algebrasin (14.2), it was not
too surprising that the main effect was to interchange the role of symmetrization
and antisymmetrization. All antisymmetric tensor reps of SO(n) correspond to the
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symmetric rep of Sp(n). What is more surprising is that if we take the expression
we derived for the SO(n) 3-J and 6-j coef cients and replace the dimension n by
n, we obtain exactly the corresponding result-for Sp(n). ;T he negative dimension
arises in these cases through the relation " = ( 1) "2 ', which may be
justi ed by analytic continuation of binomial coef cients by the Beta function.

14.2 RACAH COEFFICIENTS

So far, we have computed the 6-j coef cients for fully symmetric reps of Sp(n).
Sp(2) playsaspecid role here; the symplecticinvariant ¥ has only oneindepen-
dent component, and it must be proportional to . Hence, Sp(2) SU(2). The
observation that SU (2) can beviewedasSO( 2) was rst made by Penrose[ 280],
who used it to compute SU (2) invariantsusing binors. His method does not gen-
eralizeto SO(n), for which spinors are needed to project onto totally antisymmetric
reps (for thecasen = 2, thisis not necessary asthere are no other reps). For SU (2),
all reps are fully symmetric (Young tableaux consist of asinglerow), and our 6-j s
are al the 6-j s needed for computing SU(2)  SO(3) group-theoretic factors.
More pedantically: SU(2)  Spin(3) 86(3). Hence, al the Racah [286] and
Wigner coef cients, familiar from the atomic physics textbooks, are specia cases
of our spinor/spinster 6-j s. Wigner s3-j symbol (5.14)

G, g 0 1 (D B

S j1jom1im>|IM 14.25
Ty The M AR Jijomimy| ( )

isreally aclebsch with our 3-j as a normalization factor.
This may be expressed more ssimply in diagrammatic form:

& . 4 iphase
TN N (14.26)

M m2 B 2

/
@ iz

where we have not speci ed the phase convention on the right-hand side, asin the
calculation of physical quantitiessuch phases cancel. Factorsof 2 appear because our

integersa, b, ... =1, 2,...countthenumbersof SU (2) 2-dimensional reps(SO(3)
spinors), whiletheusual j1, j2, ... = 3,1, 3, .. .labelscorrespondto SO(3) angular
momenta.

It is easy to verify (up to a sign) the completeness and orthogonality properties
of Wigner s 3-j symbols

2i1 2j1
& . Y& ’ d : 2J :
J J 2J
(2‘] + 1) f’T]il f’Tz]z M f’T]il {Tz]z M 2]1
M J @ 2i2 2ja

20
== mum, mem, (14.27)
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» 1 2
&jl j2 J Ji Jj2 J 1 2 2J
m1 me> M m1 me> M 2]‘1 JJ
mimso
MM  JJ
_ 14.28
23 +1 ( )

The expression (14.22) for our 3-j coef cignt with n = 2 gives the expression
usually writtenas  in Racah sformulafor ¥ k! |

5
1 . (g+k+1+1)!
- = J+k+l =
g.k,D D @ G+k Dikk+1 Pa+j k! (14.29)
Wigner s6-j coef cients (5.15) are the same as ours, except that the 3-vertices are
normalized asin (14.26)
o #
Ji1J213 —
Kikoks —

2k, 2k,
1
1@212@21'31 ) (14.30)
\3¢/ oy,

2k,
which gives Racah sformulausing (14.23), withn = 2:
o #
Plads =] (jikoks) (kijzks) (kikzjs) (jij2is)]™?
( DL+ 1)
‘ 1t st It 1t 1t
=t j1 J2 J3, t=J1+j2 ki+k t,
=t j1 ko ks, t=jo+js+ka+ks t,
tz=t ki J2 ks, t=js+ji+ks+k t,
t4 =t k]_ k2 j3 . (1431)

where

14.3 HEISENBERG ALGEBRAS

What arethese spinsters ?A trick for relating SO(n) antisymmetric repsto Sp(n)
symmetric reps? That can be achieved without spinsters: indeed, Penrose [ 280]
had observed many years ago that SO( 2) yields Racah coef cientsin a much
more elegant manner than the usual angular momentum manipulations. In chap-
ter 13, we have also proved that for any scalar constructed from tensor invariants,
SO( n) Sp(n). Thistheoremisbased on elementary propertiesof permutations
and establishes the equivalence between 6-j coef cientsfor SO( n) and Sp(n),
without reference to spinsters or any other Grassmann extensions.

Nevertheless, spinsters are the natural supersymmetric extension of spinors, and
the birdtrack derivation offersadifferent perspective from the literature discussions
of metaplectic reps of the symplectic group [ 309, 322, 102, 193, 222]. They do
not appear in the usual class cations, because they are in nite-dimensional reps
of Sp(n). However, they are not as unfamiliar as they might seem; if we write the
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Grassmannian matrices for Sp(2D) as = (P1,P2,-.-Pp, X1, X2 ... Xp) and
choose f of form
_ 0 1
f= 10 (14.32)
the de ning commutator relation (14.2) is the de ning relation for a Heisenberg
algebra, except for a missing factor of i:

pi,xj1= i1, i,j=1,2,...D. (14.33)

If weincludean extrafactor of i intothede nition of the momenta above, we nd
that spinstersresemble an antiunitary Grassmann-val ued rep of the usual Heisenberg
algebra. The Clifford algebra has its spinor reps, and the Heisenberg algebra has
itsin nite-dimensional Fock representation. The Fock space rep of the metaplectic
group M p(n) isthe double cover of the symplectic group Sp(n), just as the spinors
rep of the Spin group is the double cover of the rotation group SO(n).
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Chapter Fifteen

SU(n) family of invariance groups

SU(n) preserves the Levi-Civita tensor, in addition to the Kronecker  of sec-
tion 9.10. Thisadditional invariant induces nontrivial decompositionsof U (n) reps.
In this chapter, we show how the theory of SU (2) reps (the quantum mechanics
textbooks theory of angular momentum) is developed by birdtracking; that SU (3)
is the unique group with the Kronecker delta and a rank-3 antisymmetric primitive
invariant; that SU (4) isisomorphic to SO(6); and that forn 4, only SU(n) has
the Kronecker  and rank-n antisymmetric tensor primitive invariants.

15.1 REPSOF SU(2)

For SU(2), we can construct an additional invariant matrix that would appear to
induce a decompositionof V.V reps:

EaS = :] I:: (15.1)

However, by (6.28) this can be written as a sum over Kronecker deltas and is not
an independent invariant. So what does 2° do? It does two things; it removes the
distinction between a particle and an antiparticle (if g, transformsas aparticle, then

abg, transforms as an antiparticle), and it reduces the reps of SU (2) to the fully
symmetric ones. Consider V.V decomposition (7.4)

[2)=[1]2]+

o e
. 261

g2 2

+
2 2
The antisymmetric rep isasinglet,

:]: - :] I:: (15.3)

Now consider the V2 and V* space decompositions, obtained by adding
successive indices one at atime:

——-d=

<

-EE e EREs - HE
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[31=[1]2[3]+[1]+[3]
—_—
——_ L4 jpon | =
— 3 “—
—_— € —
3

43 L4 jpon | ==
Sl 4

[4]=[1]2[3[4] +[1]4] + [3[4] +[1][2]+ + . (154)

Thisis clearly leading us into the theory of SO(3) angular momentum addition (or
SU (2) spin, i.e., bothinteger and half-integer irrepsof therotation group), described
in any quantum mechani cs textbook. We shall, anyway, persist alittle while longer,
just to illustrate how birdtracks can be used to recover some familiar results.

The projection operator for m-index rep is

1
T .

ThedimensionistrPp, =22+ 1)(2+2)...2+m 1)/m!=m+1.Inquan-
tum mechanics textbooks m is set to m = 2J, where j is the spin of the rep. The
projection operator (7.10) for the adjoint rep (spin 1) is

YC-TT DO

This can berewritten as using (15.3). The quadratic casimir for thede ning
repis

N A

o

3
—— . 15.7
. (157)

TC-XE -0 e

we can compute the quadratic casimir for any rep

Using
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The Dynkin index for n-index rep is given by
(n) = Cao(n)dn _ n(n+1)(n+ 2)
C2(2)dy 24
We can also construct clebsches for various Kronecker products. For example,
p 1 isgiven by

1
2 Plleo= i:E L2 D i: :E (15.11)
) S S

for any U (n). For SU (2) we have (15.3), so
[1[2[-[p-1  [p]=[1[2]--[p] +[1[2]- \pz

iE iE 2(p 1)__| Ii (15.12)

Hence, the Clebsch-Gordanfor , 3 p 1is

—_— 1
—— 2

(O E— .
20 D/p |t o (15.13)

Disa |

As we have aready given the complete theory of SO(3) angular momentum in
chapter 14, by giving explicit expressions for all Wigner 6-J coef cients (Racah
coef cients), we will not pursue this further here.

Group weights have an amusing graph-theoretic interpretation for SO(3). For a
planar vacuum (no external legs) diagram weight W ¢ with normalization = 2,
W isthe number of ways of coloring the lines of the graph with three colors[ 280].
This, in turn, is related to the chromatic polynomials, Heawood s conjecture, and
the 4-color problem [ 293, 267].

(15.10)

15.2 SU(3) ASINVARIANCE GROUP OF A CUBIC INVARIANT

QCD hadrons are built from quarks and antiquarks, and with hadron spectrum con-
sisting of the following

1. Mesons, each built from a quark and an antiquark.

2. Baryons, each built from three quarks or antiquarksin a fully antisymmetric
color combination.

3. Noexotic states, i.e., no hadrons built from other combinationsof quarksand
antiquarks.

We shall show here that for such hadronic spectrum the color group can be only
SU@®).

In the group-theoretic language, the above three conditions are alist of the prim-
itive invariants (color singlets) that de ne the color group:
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1. Oneprimitiveinvariantis g, so the color group is a subgroup of SU (n).
2. Thereisacubic antisymmetric invariant  2°¢ and its dual fapc.

3. Thereareno further primitiveinvariants. This meansthat any invariant tensor
can be written in terms of the tree contractionsof 8, £2°¢ and Fica.

In the birdtrack notation,

C C
fabe = /t\ , Fabe = A : (15.14)
a b a b

fape and F2° are fully antisymmetric:

/&\ = /t\ . (15.15)

We can aready seethat thede ningrepdimensionisat least three, n 3, asother-
wise f4,c would be identically zero. Furthermore, f s must satisfy a normalization
condition,

fabCfbd
-»-O-»- —_ (15.16)
(For conveniencewe set = 1 inwhat follows.) If this were not true, eigenvalues

of the invariant matrix F§' = T2, 4. could be used to split the n-dimensional rep
in adirect sum of lower-dimensional reps; but then n-dimensional rep would not be
thede ningrep.

V V states. According to (7.4), they split into symmetric and antisymmetric
subspaces. The antisymmetric space is reduced to n + n(n  3)/2 by the fa

B i Y

Ay = Fope F°0 + Aade fap fE’Cd . (15.17)

On the symmetric subspace the F 4pe T8¢ invariant vanishes dueto its antisymmetry,
so this spaceis not split. The simplest invariant matrix on the symmetric subspace
involvesfour f s:

a K c
Kab,Cd = © g = faeffbhg":mh":dfg . (15.18)
b d

Asthe symmetric subspaceis not split, thisinvariant must have a single eigenvalue

Kap,® = Sap% = . (15.19)
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Tracing Kap, 2 xes = —2-. The assumption, that k is not an independent in-
variant, means that we do not alow the existence of exotic qqqq hadrons. The

requirement, that all invariants be expressible as trees of contractions of the primi-

tives
> =A +B><+c:>->-(:, (15.20)

leadstotherelation (15.19). Theleft-hand sideissymmetric under index interchange
a b,soC=0andA=B8B.

V 'V states: The simplest invariant matrix that we can construct from f sis

1a Cc
pd== :D<: =T (15.21)

By crossing (15.19), Q satis es a characteristic equation,
1
2—_ - M1+
Q= {1+T}

1> 1 —_—
11 == +}C . (15.22)
On the tracel ess subspace (7.8), this leads to
1
2 1 Py= 15.2
Q" i 2=0, (15.23)

witheigenvalues—1/ n+ 1.V V containsthe adjoint rep, so at |east one of the
eigenvalues must correspond to the adjoint projection operator. We can computethe
adjoint rep eigenvalue from the invariance condition (4.36) for ¢

\A«ﬂ‘ i +\»i«:0' (15.24)

Contracting with ¢4, we nd
1
ROCENS
1
PAQ= EPA . (15.25)
Matching the eigenvalues, weobtain1/ n+ 1 =1/2,son = 3: quarks can come
inthreecolorsonly, and f 5 isproportional to the Levi-Civitatensor g of SU(3).

Theinvariant matrix Q isnot anindependent invariant; then(n  3)/2-dimensional
antisymmetric space (15.17) has dimension zero, so Q can be expressed in terms of

Kronecker deltas:

0=Ax Q0. (15.26)
We have proventhat theonly groupthat satis esthe conditions1-3, at the beginning
of thissection, isSU (3). Of courseg, it iswell known that the color group of physical
hadronsis SU (3), and this result might appear rather trivial. That it is not so will
becomeclear from the further examplesof invariance groups, such asthe G , family

of the next chapter.
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15.3 LEVI-CIVITA TENSORS AND SU (n)

Inchapter 12, we have shown that theinvariancegroup for asymplecticinvariant £ 2°
isSp(n). Inparticular, for £ = 2 the Levi-Civitatensor, theinvariancegroupis
SU(2) = Sp(2). Inthe preceding section, we have proven that the invariance group
of a skew-symmetric invariant £2°¢ is SU (3), and that £2°¢ must be proportional
to the Levi-Civita tensor. Now we shall show that for £2°¢-d with r indices, the
invariance group is SU (r), and T is always proportional to the Levi-Civita tensor.
(We consider here unitary transformations only; in general, the whole group SL(3)
preservesthe L evi-Civitatensor.) r = 2 andr = 3 caseshad to betreated separately,
becauseit was possibleto construct from f 22 and £ 2°¢ treeinvariantsontheV. vV
V'V space, which could reduce the group SU (n) to asubgroup. For 2 n 4
thisis, indeed, what happens: SU(n)  Sp(n), for n even.

For r 4, we assume here that the primitive invariants are 2 and the fully
skew-symmetric invariant tensors

fa1dz..ar = m, Taias..ar = m, r>3. (15.27)

A fully antisymmetric object can be redlized only inn  r dimensions. By the
primitiveness assumption

@K: —_—
p@(znz 1:]:’ etc. (15.28)

i.e,, various contractions of ¥ smust be expressibleintermsof s, otherwise there
would exist additional primitives. (f invariants themselves have too many indices
and cannot appear on the right-hand side of the above equations.)

The projection operator for the adjoint rep can be built only from & §and § §.
From section 9.10, weknow that this can giveusonly the SU (n) projection operator
(7.8), but just for fun we feign ignorance and write

é){:A _‘_+b} C : (15.29)

Theinvariance condition (6.56) on fay_ ¢ yields

Contracting from the top, we get 0 = 1 + b n. Antisymmetrizing all outgoing legs,
we get

0= . (15.30)



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

174 CHAPTER 15

Contracting with & fromtheside, weget0 =n r. Asin (6.30), thisde nesthe
Levi-Civitatensor in n dimensions and can be rewritten as

% =n H . (15.31)

(The conventional Levi-Civitanormalizationisn = n!.) Thesolutionb = 1/n
means that T; is traceless, i.e., the same as for the SU (n) case considered in sec-
tion 9.10. To summarize: Theinvariance condition forces f gpc.. . to be proportional
to the Levi-Civita tensor (in n dimensions, a Levi-Civita tensor is the only fully
antisymmetric tensor of rank n), and the primitives &, fap__q (rank n) have SU (n)
astheir uniqueinvariance algebra.

15.4 SU(4)-SO(6) | SOMORPHISM

We have shown that if the primitive invariants are 2, fap._ca , the corresponding
Liegroupisthede ningrepof SU (n),and T 4. cq iSproportional to the Levi-Civita
tensor. However, thereare still interesting thingsto be said about particular SU (n) s.
As an example, we will establishtheSU (4)  SO(6) isomorphism.
TheantisymmetricSU (4) repisof dimensionda = 4 ¢ 3/2 = 6. Let usintroduce

clebsches :]: ) x

1
Aap, =2 Jan( )™, =1,2,...,6. (15.32)

1/4 normalization ensuresthat s will have the Dirac matrix normalization.
The Levi-Civitatensor induces a quadratic symmetric invariant on the 6-dimen-

sional space

1
:Z( )20 paca( )9C . (15.33)
Thisinvariant has an inverse:

g :-)n(-:6-)-CJE‘)-(-, (15.34)

where the factor 6 isthe normalization factor, xed by theconditiong g =

g g =merm@mm
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_-(n 3 2)
=6 4 3 ﬁ::»
o = . (15.35)

Here we have used (6.28), (15.32), and the orthonormality for clebsches:
" = mmgem
( ) »ha=4 . (15.36)

Aswe have shown in chapter 10, theinvariance group for asymmetricinvariant g
isSO(da). One can check that the generators for the 6-dimensional rep of SU (4),
indeed, coincide with the de ning rep generators of SO(6), and that the dimension
of the Lie algebraisin both cases 15.

The invariance condition (6.56) for the Levi-Civitatensor is

oﬁm:;ﬂ 1

For SU (4) we have

+ + + = Y . (1538)
+] _(_\q V\V] YY \V*

Contractingwith ( )2*( )9, we obtain

NI D)
' 2
C ) Jap+( Daa( )*®=28g . (15.39)

Here( Jan () gean, and we recognize the Dirac equation (11.4). So the
clebsches (15.32) are, indeed, the -matricesfor SO(6) (semi)spinor reps (11.65).

(15.37)

Y

A
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Chapter Sixteen

G, family of invariance groups

In this chapter, we begin the construction of all invariance groups that possess a
symmetric quadratic and an antisymmetric cubic invariant in the de ning rep. The
resultingclassi cationissummarizedin gure 16.1. We ndthat thecubicinvariant
must satisfy either the Jacobi relation (16.7) or the alternativity relation (16.11). In
theformer case, theinvariance group can be any semisimple Lie groupinits adjoint
rep; we pursue this possibility in the next chapter. The latter case is developed in
thischapter; we nd that theinvariancegroupiseither SO(3) or the exceptional Lie
group G2. Theproblemof evaluation of 3n-j coef cientsfor G , issolved completely
by thereductionidentity (16.14). Asaby-product of the construction, wegive aproof
of Hurwitz s theorem (section 16.5) and demonstrate that the independent casimirs
for G, areof order 2 and 6, by explicitly reducing the order 4 casimir in section 16.4.
Here we are concerned only with the derivation of G». For a systematic discussion
of Gy invariants (in tensorial notation) we refer the reader to Macfarlane [ 221].
Consider the following list of primitive invariants:

1. 2, sotheinvariance group isasubgroup of SU (n).

2. Symmetric g2 = g, gap = gba, SO the invariance group is a subgroup of
SO(n). Asin chapter 10, we take this invariant in its diagonal, Kronecker
deltaform gp.

3. A cubic antisymmetric invariant f .

Primitiveness assumption requiresthat all other invariants can be expressedinterms
of the tree contractionsof 4y , Fanc.

In the diagrammatic notation, one keeps track of the antisymmetry of the cubic
invariant by reading the indices off the vertexina xed order:

Tape = * = é = fac. (16.1)

The primitiveness assumption implies that the double contraction of a pair of T s
is proportional to the Kronecker delta. We can use this relation to  x the overall
normalization of T s:

Taocfeod =  ad

_< >_ - . (16.2)

For convenience, we shall oftenset = 1 inwhat follows.
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primitives: /k JR—

two relations onerelation

- / \ 316

Jacobi altematlvny

Bo aToca: -

any adjoint representation

quart “; primitive no quartic primitive
SU ), SOM). Sp(n) E, family

Figure 16.1 Logica organization of chapters 16-17. The invariance groups SO(3) and G,
are derived in this chapter, while the Eg family is derived in chapter 17.

The next step in our constructionisto identify all invariant matricesonV vV and
construct the Clebsch-Gordan series for decomposition of 2-index tensors. There
are six such invariants: the three distinct permutations of indicesof ap ¢q, and the
threedistinct permutations of freeindicesof T apefecq. FOr reasonsof clarity, weshall
break up the discussion in two steps. Inthe rst step, section 16.1, we assume that
alinear relation between these six invariants exists. Pure symmetry considerations,
together with the invariance condition, completely  x the algebra of invariants and
restrict the dimension of the de ning space to either 3 or 7. In the second step,
section 16.3, we show that arelation assumed inthe rst step must exist because of
the invariance condition.

Example. Consider quarks' and hadrons' of a Quantum Chromodynamics with
the hadronic spectrum consisting of the following singlets:

1. Quark-antiquark mesons.
2. Mesonshuilt of two quarks (or antiquarks) in asymmetric color combination.

3. Baryons built of three quarks (or antiquarks) in a fully antisymmetric color
combination.

4. No exotics, i.e., no hadrons built from other combinations of quarks and
antiquarks.
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As we shall now demonstrate, for this hadronic spectrum the color group is either
SO(3), with quarks of three colors, or the exceptional Lie group G 2, with quarks
of seven colors.

16.1 JACOBI RELATION

If the above six invariant tensors are not independent, they satisfy arelation of form

0=A +BD C+C><+D::+E>—<+F:><. (16.3)

Antisymmetrizing a pair of indicesyields

O=AI+EH+FI:, (16.4)

and antisymmetrizing any three indicesyields

0=(E+F) . (16.5)

If the tensor itself vanishes, T s satisfy the Jacobi relation (4.49):

If A = 0in(16.4), the Jacobi relation relates the second and the third term:

O:I+E>—<. (16.7)

The normalization condition (16.2) xesE = 1:

H = I (16.9)

Contracting the free ends of the top line with 4, we obtain1 = (n 1)/2, so
n = 3. We conclude that if pair contraction of f sis expressible in terms of s,
the invariance group is SO(3), and Ty is proportional to the 3-index Levi-Civita
tensor. To spell it out; in three dimensions, an antisymmetric rank-3 tensor can take
only one value, Tape = —T123, that can be set equal to —1 by the normalization
convention (16.2).

If A = 0in (16.4), the Jacobi relation is the only relation we have, and the
adjoint rep of any simple Lie group is a possible solution. We return to thiscase in
chapter 17.

16.2 ALTERNATIVITY AND REDUCTION OF f-CONTRACTIONS

If the Jacobi relation does not hold, we must have E = F in (16.5), and (16.4)

takes the form
>—<+ I  =A I . (16.9)
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Contracting with 55 xesA = 3/(n 1). Symmetrizing the top two lines and
rotating the diagrams by 90°, we obtain the alternativity relation:

I:nll ) C I . (16.10)

The name comes from the octonion interpretation of thisformula(see section 16.4).
Adding the two equations, we obtain

I+H:nll — 2><+) C - (16.11)

By (16.9), the invariant :I: is reducible on the antisymmetric subspace. By
(16.10), it is also reducible on the symmetric subspace. The only independent f « f
invariant is 3—(, which, by the normalization (16.2), is already the projection
operator that projects the antisymmetric 2-index tensors onto the n-dimensional
de ning space. The Clebsch-Gordan decompositionof V.V follows:

-0 G2 D C
o I >C

n 1)2(n +2) e+ n(n2 3) . (16.12)

The dimensions of the reps are obtained by tracing the corresponding projection
operators.
Theadjoint rep I of SO(n) isnow split into two reps. Which oneisthe new

adjoint rep? We determine this by considering (6.56), the invariance condition for
Tanc. If we take )—( to be the projection operator for the adjoint rep, we again
get the Jacobi condition (16.6), with SO(3) as the only solution. However, if we
demand that the last term in (16.12) is the adjoint projection operator

%){ = I >—< (16.13)

the invariance condition takes the form

The last term can be simpli ed by (6.19) and (16.9):

B e

Substituting back into (16.14) yields

B al

=1+
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Expanding the last term and redrawing the equation slightly, we have

b vy

This equation is antisymmetric under interchange of the left and the right index
pairs. Hence, 2/(n 1) = 1/3, and the invariance condition is satis ed only for
n = 7. Furthermore, the aboye relation gives us the G, reduction identity

bl -

Thisidentity is the key result of this chapter: it enables usto recursively reduce all

contractionsof productsof -functionsand pairwise contractions T anc fede, and thus

completely solves the problem of evaluating any casimir or 3n-j coef cient of G ».
Theinvariance condition (16.14) for fauc implies that

}C: = % . (16.16)

The triangle graph for the de ning rep can be computed in two ways, either by
contracting (16.10) with f4,c, or by contracting the invariance condition (16.14)

with gp:
4 n 5 n
= = . 16.17

So, thealternativity and theinvarianceconditionsareconsistentif (n 3)(n 7) =0,
i.e., only for three or seven dimensions. In the latter case, the invariance group is
the exceptional Lie group G2, and the above derivation is aso a proof of Hurwitz s
theorem (see section 16.4).

In this way, symmetry considerations together with the invariance conditions
suf ce to determine the algebra satis ed by the cubic invariant. The invariance
condition xesthe de ning dimensionto n = 3 or 7. Having assumed only that
a cubic antisymmetric invariant exists, we nd that if the cubic invariant is not a
structure constant, it can be realized only in seven dimensions, and its algebrais
completely determined. The identity (16.15) plays the role analogous to one the
Diracrelation{ , }=2g 1 playsfor evaluationof tracesof productsof Dirac
gamma-matrices, described above in chapter 11. Just asthe Dirac relation obviates
the need for explicit repsof s, (16.14) reducesany T « f « T contraction to asum
of termslinear in T and obviates any need for explicit construction of f s.

The aboveresults enable us to compute any group-theoreticweight for G » intwo
steps. First, we replace all adjoint rep lines by the projection operators P 4 (16.13).
The resulting expression contains Kronecker deltas and chains of contractions of
Tanc, which can then be reduced by systematic application of the reduction identity
(16.15).
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The above 1975 diagrammatic derivation of the Hurwitz theorem was one of the

rst nontrivial applications of the birdtrack technology [ 73, 74, 82]. More recently,

the same diagrammatic proof of Hurwitz s theorem has been given by Dominic
Boos[27], based on the algebraic proof by Markus Rost [ 299].

16.3 PRIMITIVITY IMPLIESALTERNATIVITY

The step that still remainsto be proven isthe assertion that the alternativity relation
(16.10) follows from the primitiveness assumption. We complete the proof in this
section. The proof israther inelegant and should be streamlined (an exercise for the
reader).

If no relation (16.3) between the three f « f contractionsis assumed, then by the
primitiveness assumption the adjoint rep projection operator P 4 is of the form

> =a I+B>—C+C:I . (16.18)

Assumethat the Jacobi relation doesnot hold; otherwise, thisimmediately reducesto
SO(3). Thegeneratorsmust be antisymmetric, asthe groupisasubgroup of SO(n).
Substitute the adjoint projection operator into the invariance condition (6.56) (or
(16.14)) for Fapc:

0=:IfE+B)—EIE+Cj£E. (16.19)

Resymmetrize this equation by contracting with —. Thisis evauated
substituting (6.19) and using the relation (6.61):

]:EE =0. (16.20)
Theresultis
0= :le+CZB)_EE+B:|£E. (16.21)

Multiplying (16.19) by B, (16.21) by C, and subtracting, we obtain

0=(B+C) ]/EE+ B % )—EE . (16.22)

We treat thecase B + C = 0 below, in (16.26).
If B+ C =0, by contracting with 5o wegetB C/2= 1,and

0= ]/EE )—EE : (16.23)

To provethat thisis equivalent to the alternativity relation, we contract with ; ,
expand the 3-leg antisymmetrization, and obtain
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-T9 T 15
T

(16.24)

The triangle subdiagram can be computed by adding (16.19) and (16.21)

0=®+C) %)—&dﬁ

and contracting with —C Theresultis

1
A_ 5 )\ (16.25)

Substituting into (16.24), we recover the aternativity relation (16.10). Hence, we
have proven that the primitivity assumption impliesthe aternativity relation for the
caseB + C =0in(16.22).

If B+ C =0, (16.19) takestheform

:]/EE“LB )—EE :IEIE : (16.26)

Using the normalization (7.38) and orthonormality @— conditions, we obtain

n
Aok w20

5}{ 15 2(9 n) _I > <(16'28)

4n(n 3)
N= a@ =5 n (16.29)

The remaining antisymmetric rep
> L < >C
a
15 n I 2_I >_< (16:30)

_ _n(n 3)(7 n)
_%_—2(15 SE (16.31)

has dimension
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The dimension cannot be negative, sod 7. For n = 7, the projection operator
(16.30) vanishes identically, and we recover the alternativity relation (16.10).

The Diophantine condition (16.31) has two further solutions: n = 5 and n = 6.

Then = 5iseliminated by examining the decomposition of thetracel esssymmet-
ric subspacein (16.12), induced by the invariant Q = | . By the primitiveness
assumption, Q? is reducible on the symmetric subspace

- TT-+T o 12 DC

0=(Q*+AQ +B1)P,.
Contracting the top two indiceswith 4, and (Tj)ap, We obtain
, 13 n 5 6 n _
Q 59 nQ AETIC n)l P, =0. (16.32)
For n = 5, the roots of this equation are irrational and the dimensions of the
two reps, induced by decomposition with respect to Q, are not integers. Hence,
= 5isnot asolution. Then = 6 case appears to be related to Westbury s
sextonians [340, 208, 209, 341] a 6-dimensional alternative algebra, intermediate
between the complex quaternions and octonions. | leave the proof of that as an
exercise to the reader.

16.4 CASIMIRSFOR G»

In this section, we prove that the independent casimirsfor G, are of order 2 and 6,
asindicatedintable 7.1. As G, isasubgroup of SO(7), its generators are antisym-
metric, and only even-order casimirs are nonvanishing.

The quartic casimir, in the notation of (7.9),

@ =trX*= XiXjXkX tr (TiTkaT|) ,

ijkl
can be reduced by manipulating it with the invariance condition ( 6.56)

The last term vanishes by further manipulation with the invariance condition

@ = @ =0. (16.33)

The remaining term is reduced by the alternativity relation ( 16. 10)

Q::@ 6©C C

Thisyieldstheexplicit expressionfor thereduction of quartic casimirsinthede ning

oo o

1
trxt=2"trx? 2 (16.34)
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Asthede ningrepis7-dimensional, the characteristic equation (7.10) reduces the
casimirs of order 8 or higher. Hence, the independent casimirs for G , are of order
2 and 6.

16.5 HURWITZ’STHEOREM

Throughout this text the eld over which the de ning vector space V is de ned
iseither R, the eld of real numbers, or C, the eld of complex numbers. Neither
guaternions (askew eld or division ring), nor octonions (a nonassociative al gebra)
forma eld.

Frobenius stheorem states that the only associative real division algebrasare the
real numbers, the complex numbers, and the quaternions. In order to interpret the
results obtained above, we need to de ne normed algebras.

Definition (Curtis[70]). A normed algebra A isan (n+1)-dimensional vector space
overa eld F with aproduct xy such that
() x(cy) = (cx)y = cxy), ¢ F
(ii)x(y+z) =xy+xz, Xxvy,z A
(X+y)z = xz +yz,

and a nondegenerate quadratic norm that permits composition

@iii)) NXy)=NXN(), N(X) F. (16.35)

Here F will bethe eld of real numbers. Let {eg, ey, ..., en} beabasisof A over
F:

X = Xg€g + X181 + ...+ Xn€n, Xa F, es A. (16.36)

It is always possible to choose e, = | (see Curtis [70]). The product of remaining
bases must close the algebra:

€a6p = dapl +Fapc€c, dap,fare F  a,...,c=1,2,...,n. (16.37)
Thenorminthisbasisis
N (X) = X3 + dapXaXp. (16.38)
From the symmetry of the associated inner product (Tits [ 325]),

xy)=(,x) = N+Y) ;\l ) N(y), (16.39)

it followsthat da, = (€a, €p) = (ep, €a) IS Symmetric, and it is always possible
to choose bases e, such that

€abp = ab + Tapcec. (16.40)

Furthermore, from

(Xy,x):N(xy+X) . NOON(Y) _ N(X)N(y+1) . N() 1

=NX)(Y, 1), (16.41)
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it follows that fapc = (€4, €n, €c) isfully antisymmetric. [In Tits s notation [ 325],
the multiplication tensor T4y isreplaced by a cubic antisymmetricform (a,a ,a ),
hisequation (14)]. The composition requirement ( 16.35) expressed in termsof bases
(16.36) is
0=N(xy) NE)N(y)

=XaXpYcYd ( ac bd ab cd + TaceTend) - (16.42)
Temake a contact with section 16.2, we introduce diagrammatic notation (factor
i 6/ adjuststhenormalizationto (16.2))

fapc =i 9* (16.43)

Diagrammatically, (16.42) is given by
0= 4::] e (16.44)

Thisis precisely the alternativity relation (16.10) we have proven to be nontrivially
realizable only inthree and seven dimensions. Thetrivial realizationsaren = 0 and
n =1, fac = 0. So we have inadvertently proven

Hurwitz'stheorem [165, 166, 70, 169]: (n+1)-dimensional normed algebras over
realsexist only for n =0, 1, 3, 7 (real, complex, quaternion, octonion).

We call (16.10) the alternativity relation, because it can aso be obtained by

substituting (16.40) into the alternativity condition for octonions [ 304]

[xyz] (xy)z x(yz),

[xyz]=[zxy] = [yzx] = [yxz] . (16.45)
Cartan [43] was rst to note that G, (7) isthe isomorphism group of octonions, i.e.,
the group of transformations of octonion bases (written here in the in nitesimal
form)

ea = ( ab + iDab)eb )

which preserve the octonionic multiplication rule (16.40). The reduction identity
(16.15) was rst derived by Behrendset al. [ 18], inindex notation: seetheir equation
(V.21) and what follows. Tits also constructed the adjoint rep projection operator
for G2(7) by de ning the derivation on an octonion algebra as

Dz=xyz= J((x*y)'2)+ 0,2% (x2]
[Tits 1966, equation (23)], where
€a*ep Fance, (16.46)
(eaa eb) ab- (16-47)
Substituting X = Xa€4, Wwe nd

1
(Dz)g = 3XaYb ab bd + éfabefecd Zc. (16.48)

N =

The term in the brackets is just the G (7) adjoint rep projection operator P 4 in
(16.13), with normalization = 3.
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Eg family of invariance groups

In this chapter we continue the construction of invariance groups characterized by a
symmetric quadratic and an antisymmetric cubic primitiveinvariant. Inthe preceding
chapter we proved that the cubicinvariant must either satisfy thealternativity relation
(16.11), or the Jacobi relation (4.48), and showed that the rst case has SO(3) and
G, asthe only interesting solutions.

Here we pursue the second possibility and determine al invariance groups that
preserveasymmetric quadratic (4.28) and an antisymmetric cubic primitiveinvariant

(4.46),
/k = i , (17.1)

with the cubic invariant satisfying the Jacobi relation (4.48)
>—< /X\ = ;( (17.2)
Our task is twofold:

1. Enumerateall Liealgebrasde ned by the primitives(17.1). Thekey ideahere
isthe primitivenessassumption (3.39). By requiring that thelist of (17.1) isthe
full list of primitiveinvariants, i.e., that any invariant tensor can be expressed
as alinear sum over the tree invariants constructed from the quadratic and
the cubic invariants, we are classifying those invariance groups for which no
quartic primitive invariant exists in the adjoint rep (see gure 16.1).

2. Demonstratethat we can computeall 3n-j coef cients(or casimirs, or vacuum
bubbles); the onesup to 12-j arelisted in table 5.1. Due to the antisymmetry
(17.1) of structure constants and the Jacobi relation (17.2), we need to con-
centrate on evaluation of only the even-order symmetric casimirs, a subset of

(7.13):
ﬁ e (17.3)
TTT \ \ [T \

Here cheating a bit and peeking into the list of the Betti numbers (table 7.1)
offerssomemoral guidance: theordersof Dynkinindicesfor the E g groupare
2,8,12,14,18, 20, 24, 30. In other words, thereis noway manual birdtracking
is going to take us to the end of this road.
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We accomplish here most of 1: the Diophantine conditions (17.13)—17.19) and
(17.38)—17.40) yield al of the Eg family Lie algebras, and no stragglers, but we
fail to provethat there exist no further Diophantine conditions, and that all of these
groups actually exist. We are much further from demonstrating 2: the projection
operators (17.15), (17.16), (17.31)—17.33) for the Eg family enable usto evaluate
diagrams with internal loops of length 5 or smaller, but we have no proof that
any vacuum bubble can be so evaluated. Should we be intimidated by existence of
Dynkin indices of order 307 Not necessarily: we saw that any classical Lie group
vacuum bubble can be iteratively reduced to a polynomial in n, regardless of the
number of its Dynkin indices. But for F 4, Eg, E7, and Eg such algorithms remain
unknown.

As, by assumption, thede ningrepsatis estheJacobi relation (17.2), thede ning
repisinthiscase also A, the adjoint rep of some Lie group. Hence, in this chapter
we denote the dimension of the de ning rep by N, the cubic invariant by the Lie
algebra structure constants  iCijjk, and draw the invariants with the thin (adjoint)
lines, asin (17.1) and (17.2).

The assumption that thede ning repisirreducible meansinthiscasethat thelLie
group issimple, and the quadratic casimir (Cartan-Killing tensor) is proportional to
the identity

=Ca (17.4)

In this chapter we shall choose normalization Ca = 1. The Jacobi relation (17.2)
reduces aloop with three structure constants

| 1
_E/K. (17.5)

Remember diagram (1.1)? The one diagram that launched this whole odyssey? In
order to learn how to reduce such 4-vertex loops we turn to the decomposition of
the A A space.
In what follows, we will generate quite a few irreducible reps. In order to keep
track of them, we shall label each family of such reps (for example, the eigenvalues
m, o in(17.12)) by the generalized Young tableau (or Dynkin label) notation
for the Eg irreducible reps (section 17.4). A review of related literatureis givenin
section 21.2.

17.1 TWO-INDEX TENSORS

The invariance group of the quadratic invariant (17.1) alone is SO(n), so as in
table10.1, A A decomposesinto singlet, symmetric, and antisymmetric subspaces.

Of thethreepossibletreeinvariantsin A A A A constructed from the cubic
invariant (17.1), only two are linearly independent because of the Jacobi relation
(17.2). The rst oneinduces adecomposition of antisymmetric A A tensorsinto
two subspaces:

R B
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SO G DD C e
1=Py+Pg+P +Ps.

Astheother invariant matrixinA A A A wetake
i —eo—— |

Qij.x =

]—cpik.

17.7)

By the Jacobi relation (17.2), Q has zero eigenval ue on the antisymmetric subspace

oPg= | I P = EHPH = 3PP =0, (17.8)

so Q can decompose only the symmetric subspace Sym?A.

The assumption that there exists no primitive quartic invariant is the defining
relation for the Eg family. By the primitiveness assumption, the 4-index loop in-
variant Q2 is not an independent invariant, but is expressible in terms of any full
linearly independent set of the 4-index tree invariants Qij k , CijmCmk , and jj s
constructed from the primitive invariants (17.1),

+A4“7+B>—<+C +D ) C+E><:0.

Rotate by 90° and compare. That eliminates two coef cients. Flip any pair of adja-
cent legs and use the Jacobi relation (17.2) (i.e., theinvariance condition). Only one
free coef cient remains:

1 g _
& 4“7+>—< 5 +> C+>< = 0.

(17.9)
Now, trace over a pair of adjacent legs, and evaluate 2- and 3-loops using (17.4)
and (17.5). This expresses the parameter g in terms of the adjoint dimension, and
(17.9) yields the characteristic equation for Q restricted to the tracel ess symmetric
subspace,

1 5
2 = - =
Q 6Q 3N+ 2)1 Ps=0. (17.10)
An eigenvalue of Q satis es the characteristic equation
1 5
2

T

so the adjoint dimension can be expressed as
5 6 1 6

- =60 ——— 2+
3 ( 1/6) 6 6 6 1
Aswe shall seek for valuesof  such that the adjoint rep dimension N isan integer,
it is natural to reparametrize the two eigenvalues as

1 1 m

= m 6’ D= &m 6’ (17.12)

N+2=

(17.12)
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aformthat will lend itself to Diophantineanalysis. In terms of the parameter m, the
dimension of the adjoint representation is given by

N= 2+60(m/6 2+6/m), (17.13)

and the two eigenvalues map into each other under m/6 ~ 6/m. Substituting

_Im+6

= — 17.14
T omE g (17.14)
into (3.48), we obtain the corresponding projection operators:
Pa= >;<
6(m 6) 1 m
= “m¥6 6T 6 Ps (17.15)

P— :>£<
_6(m 6) 1 :] [:
= T e + p— Ps. (17.16)

In order to compute the dimensions of the two subspaces, we evaluate

3 @ 1 _ N+2
trPsQ = N@ = —— (17.17)

(N+2)(1// g+N 1)
do=trP = . 17.18
Dimensiondg isobtainedby interchanging gand . Substituting (17.13), (17.12)
leads to

and obtain

_ 5(m 6)2(5m 36)(2m 9)

Oem m(m + 6)
_270(m 6)’(m 5)(m 8)
g = S . (17.19)

To summarize, in absence of a primitive 4-index invariant, A A decomposes
into veirreduciblereps

1=Py+Pg+P +Pr+Pa. (17.20)

The decompositionis parametrized by rational values of m, and is possible only for
integer N and dg that satisfy the Diophantine conditions (17.13), (17.19).

This happened so quickly that the reader might have missed it: our homework
problem is done. What we have accomplished by (17.9) is the reduction of the
adjoint rep 4-vertex loop in (1.1) for, aswill turn out, all exceptional Lie algebras.
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17.2 DECOMPOSITION OF Sym®A

Now that you have aced the homework assignment ( 1.1), why not go for extracredit:
can you disentangle vacuum bubbles whose shortest [oop is of length 6,

zz =9 (17.21)

If you have an elegant solution, let me know. But what follows next is cute enough.
The general strategy for decomposition of higher-rank tensor productsis as fol-
lows; the equation (17.10) reduces Q? to Q, P, weighted by the eigenvalues -,
a- For higher-rank tensor products, we shall use the same result to decompose
symmetric subspaces. We shall refer to a decomposition as uninteresting if it
brings no new Diophantine condition. As Q acts only on the symmetric subspaces,
decompositions of antisymmetric subspaces will always be uninteresting, as was
alrea3dy the case in (17.8). We illustrate this by working out the decomposition of
Sym°A.

The invariance group of the quadratic invariant (17.1) aone is SO(N), with
the seven reps Clebsch-Gordan decomposition of the SO(N) 3-index tensors (ta-
ble 10.4): one fully symmetric, one fully antisymmetric, two copies of the mixed
symmetry rep, and three copies of the de ning rep. As the Jacobi relation (17.2)
trivializes the action of Q on any antisymmetric pair of indices, the only serious
challengethat wefaceisreducing A3 within thefully symmetric Sym®A subspace.

Asthe rst step, project out the A and A A content of Sym3A:

3

Po= WM (17.22)
_B(N+1)(N? 41 a

Py=SNZ+2N 5) 'a‘ : (17.23)

P projects out Sym>A A, and PH projects out the antisymmetric subspace

(17.6) Sym*A VE' The ugly prefactor is a normalization, and will play no role
in what follows. We shall decompose the remainder of the Sym3A space

P, =S Py PH = EE (17.24)

by the invariant tensor Q restricted to the P - remainder subspace
Q= I , Q= i l EEQ =P,QP,. (17.25)

We can partially reduce Q2 using (17.10), but symmetrization leads also to a new

invariant tensor,
QZ:%EE ! E+§ﬂ II EE (17.26)

A calculation that requires applications of the Jacobi relation (17.2), symmetry

identities (6.63) such as
ﬂ E —0 (17.27)

*—o

ly—ll
* o
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and relies on the fact that P containsno A, A A subspacesyields

IIrlE EIIIE_ (17.28)

Reducing by (17.10) andusing g+ = 1/6leadsto

11 1
Q=2 3Q°+ { 1 E s Q. (17.29)

The extratensor can be eliminated by (17.26), and the result is a cubic equation for

Q:

0= Q 1181 Q «1 QO 1 P,. (17.30)
The projection operatorsfolr the corresponding three subspac&s are qlven by (3.48)
Pa=Ws w@Ws o 2 " Q@ ot P
2
Poa=— 1/18)1(. —~ Q %1 Q ol P (1732
“miomen @ w90 m ot
Pa=— 1/181)(53 5 1—181 Q 4l P, (17.33)
2
:(ml(fg?mi)lz) Q* 522 Z;Q“Llos(rrnn 5L Pr

Thepresumptionis(still to beprovedfor ageneral tensor product) that theinteresting
reductions only occur in the symmetric subspaces, aways viathe Q characteristic
equation (17.10). As the overall scale of Q is arbitrary, there is only one rational
parameter in the problem, either -/ g or m, or whatever is convenient. Henceall
dimensions and 3n-j coef cients (casimirs, Dynkin indices, vacuum bubbles) will
be ratios of polynomialsin m.

To proceed, we follow the method outlined in appendix A. On P, PH subspaces
SQ haseigenvalues

SQszi ! E = 1 L=1/3 (17.34)
SQpazﬂ ] B:ﬁ = — 4 =1/6, (1735

sotheeigenvaluesare 5 =1/3, 1 =1/6, 3=1/18, = @, o= o
The dimension formulas (A.8) reqw re evaluation of

trsQ= = w (17.36)
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_ N(3N +16)

2_
tr(SQ)° = 36

(17.37)

Substituting into (A.8) we obtain the dimensions of the three new reps:

_21(m 5(m 8)(2m 15@2m 9GmM 36)(5m 24)
do= m2@ + my(AZ + m) (17.38)
_10(m  6)’(m 5)(m 1@m 9Gm 36)(5m 24)
drm= 3m2(6 + m)(12 + m) (17.39)
= 5(m 5)(m 8)(m 6)’(2m 15)(5m 36) @6 m). (1740

m3(3 +m)(6 + m)

17.3 DIOPHANTINE CONDITIONS

AsN in(17.13) isan integer, allowed m arerationalsm = P/Q built from Q any
combination of subfactors of the denominator 360 = 1+23+32+5, and the numerator
P =1,2,0r5,whereP and Q arerelative primes. The solutionsare symmetric under
interchangem/6  6/m, so we need to check only the 23 rationalsm 6. The
Diophantine conditions (17.13), (17.19), and (17.38) are satis ed only for m = 5,
8, 9, 10, 12, 18, 20, 24, 30, and 36. The solutions that survive the Diophantine
conditions form the Eg family, listed in table 17.1. The formulas (17.15), (17.16)
yield, upon substitutionof N, 5 and g,the A A Clebsch-Gordan seriesfor the
Eg family (table 17.2).

Particularly interestingisthe (36 m) factor inthe ds formula(17.40): positivity
of a dimension excludes m > 36 solutions, and vanishing of the corresponding
projection operator (17.33) for m = 36 implies a birdtrack identity valid only for
Es, the presumed key to the homework assignment (17.21). For inspiration, go
through the derivation of (18.37), the analogous 6-loop reduction formulafor E .
According to ref. [ 294], the smallest vacuum bubble that has no internal loop with
fewer than six edges has fourteen verticesand is called the Coxeter graph.”

Birdtracks yield the Eg family, but they do not tie it into the Cartan-Killing
theory. For that we refer the reader to the very clear [ 29] and thorough exposition
by Deligne [89]. All the members of the family are immediately identi able, with
exception of the m = 30 case. The m = 30 solution was found independently by
Landsberg and Manivel [ 209], who identify the corresponding columnin table 17.1
as aclass of nonreductive algebras. Here this set of solutionswill be eliminated by
(19.42), which says that it does not exist as a semisimple Lie algebra for the F4
subgroup of Eg.

Themain result of all thisheavy birdtrackingisthat N > 248 is excluded by the
positivity of d3, and N = 248 is special, as Pz = 0 implies existence of atensorial
identity on the Sym3A subspace speci ¢ to Eg. That dimensions should all factor
into termslinear in m is altogether not obvious.
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m 5 8 9 10 12 15 18 24 30 36
Al Az Gz D4 F4 Ee E7 . Eg
N 0 3 8 14 28 52 78 133 190 248
ds 0 0 1 7 56 273 650 1,463 1,520 0
dg 0 -3 0 64 700 4,096 11,648 40,755 87,040 147,250
dm | O 0 27 189 1,701 10,829 34,749 152,152 392445 779,247

Table 17.1 All solutions of Diophantine conditions (17.13), (17.19), and (17.38).

17.4 DYNKIN LABELS AND YOUNG TABLEAUX FOR Eg

A rep of Eg is characterized by 8 Dynkin labels (aiazazasasasarzag). The cor-
respondence between the Eg Dynkin diagram from table 7.6, Dynkin labels, irre-
ducible tensor Young tableaux, and the dimensions[ 294] of the lowest repsis

8

(3132333435363733) (17.41)

1 2 3 456 7

DHHE, Eno

(248, 30380, 2450240, 146325270, 6899079264, 6696000, 3875, 147250)

Label a; counts the number of not antisymmetrized de ning (= adjoint) represen-
tation indices. Labels a, through as count the number of antisymmetric doublets,
triplets, quadruplets, and quintuplets, respectively. Label a; counts the number of
not antisymmetrized [Jj indices, and ag the number of its antisymmetrized doublets.
The label ag counts the number of [].
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00 =[O+ H + S
2482 = 27000 + 30380 + 1 + 248 + 3875
Jm= [ +®m+ - +[Wm+ O
2483875 = 248 + 3875 + 30380 +779247+ 147250
T O=010+ -+ 0 +1+ 4 +~[’

27000248 = 1763125 + 4096000

+

248 + 27000 + 30380 + 779247

H O +@+D+H+Dj+l
[+

248 + 30380 + 27000 + 3875
+ 779247 + 147250

30380+ 248 = 4096000 + 2450240

+

H N - HN + + ]+ 1+ @ + [
+ = + H + [ +[ 1R

38752 = 4881384 + 1 + 27000 + 3875 + 2450240 + 147250
+ 6696000 + 30380 + 248 + 779247

M= W +@+El+
+|:|:|+H+

O
[]
I
=
-
[ |
+

|:.+D+H+

.|.
1T
+
-
-
=
-

5
;
:
:
o mfalala s

Table 17.3 Some of the low-dimensional Eg Clebsch-Gordan series [
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Chapter Eighteen

Eg family of invariance groups

Inthischapter, we determineall invariance groupswhose primitiveinvariant tensors
are & and fully symmetric dapc, d2°. The reduction of V.V spaceyieldsarule
for evaluation of the loop contraction of four d-invariants (18.9). The reduction of
v ¥l yieldsthe rst Diophantinecondition (18.13) ontheallowed dimensionsof the
de ningrep. Thereductionof V.V V tensorsisstraightforward, but thereduction
of AV gpace yields the second Diophantine condition (d4 in table 18.4) and
limitsthe de ning rep dimensionton  27. The solutions of the two Diophantine
conditionsform the E¢ family consisting of Eg, As, A2 + Az, and A,. For the most
interesting Eg, N = 27 case, the cubic casimir (18.44) vanishes. This property of
Es enables usto evaluate loop contractions of 6 d-invariants (18.37), reduceV A
tensors (table 18.5), and investigate rel ations among the higher-order casimirs of E g
in section 18.8. In section 18.7 weintroduce a Young tableau notation for any rep of
Es and exemplify its usein construction of the Clebsch-Gordan series (table 18.6).

18.1 REDUCTION OF TWO-INDEX TENSORS

By assumption, the primitive invariants set that we shall study hereis
a— a —e— b

a a
dabc = A = dpac = dacn , 42 = )*\ . (18.1)
b c b c
Irreducibility of the de ning n-dimensional rep implies
dabcdbcd — g

«—O-«- = ——. (18.2)

The value of  depends on the normalization convention. For example, Freuden-
thal [130] takes = 5/2.Kephart[187] takes = 10.We nd it convenient to set
itto =1.

We canimmediately write the Clebsch-Gordan seriesfor the 2-index tensors. The
symmetric subspace in (9.4) is reduced by the d a,cd°®® invariant:

T T

The rep dimensions and Dynkin indices are given in table 18.1.
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— =T e L K
——
00 = 4 u (1]
Ee (000010) (000010) = (000100) (100000) (000020)
As (00010) (00010) = (00101) (01000) (00020)
Az 02) (02) = (12) (20) (04)
dimension n2 =n(n 1)/2 + n + n(n 1)/2
Es 272 = 351 + 27 + 351
As 152 = 105 + 15 + 105
Az + Az 92 = 36 + + 36
Az 62 = 15 + + 15
index 2n = (n 2 + + (n+1)
Es 202742 = 2 + z + 7
As 215 % = 1—33 + % + 1_3“5
Az + A, 2:9+1 = z + i + 5
AR L T ¥

Table 18.1 Eg family Clebsch-Gordan series Dynkin labels, dimensions, and Dynkin indices
forV V.Thede ningrep Dynkinindex iscomputedin (18.14).

By the primitiveness assumption, any V 2 {12 invariantis alinear combination
of al treeinvariants that can be constructed from the primitives:

Ii —a b >+ c>—>—<. (184)
In particular,
LRI AT

One relation on constants A, B follows from a contraction with 2

X RV

+
1=A+Bn2 L

The other relation follows from the invariance condition ( 6.53) on dapc:

lq—é—e - %_L (18.6)
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i DC
n a
label N = X | W
Ee (000010)  (100000) = (000000) (000001) (100010)
As (00010)  (01000) =  (00000) (10001) (01010)
Az 02) (20) = (00) (11) (22)
! . _ an(n 1) (n+3)2(n_1)
dimension n? = 1 +  Antn + @0
Es 272 = 1 + 78 + 650
As 152 = 1 + 35 + 189
Az + Ay 92 = 1 + 16 + 64
Az 62 = 1 + 8 + 27
_ 2(n+3)2
index 2n = 0 + 1 + S
Es 202742 = 0 + 1 + 50«2
As 2415+ 2 = 0 + 1 + 273
Az + Az 2:9+2 = 0 + 1 +  16+%
Az 246¢2 = 0 + 1 + =
——
Pa=iD et __ 1D C X
——
o-D"C - T D (X
—_——

Table 18.2 E; family Clebsch-Gordan seriesfor V. V. Thede ning rep Dynkin index is
computed in (18.14).

Contracting (18.5) with (T;)2, we obtain
1 A
— = - +B

n 3 3

N[>

B
+ —
2

Nl

18.2 MIXED TWO-INDEX TENSORS

Let us apply the aboveresult to the reduction of V ¥l tensors. As always, they split
into a singlet and a traceless part (9.54). However, now there exists an additional
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b d
o = :}< , (18.8)
a C

which, according to (18.5) and (18.7), satis es the characteristic equation

0K D (I

invariant matrix

1 3

2= T+ 18.9

Q 2 —y 3Q a3 D (18.9)

Onthetracelessv Vi subspace, the characteristic equation for Q takes the form
1 3

P, Q+2 Q 5 =0, (18.10)

where P, is the traceless projection operator (9.54). The associated projection op-
erators (3.48) are

Q _3_ Q+ 1
Pa=—1"2P,, Pg=—5—2P,. (18.12)
2 n+3 n+3 = 2

Their birdtracks form and their dimensions are givenin table 18.2.

Pa, the projection operator associated with the eigenvalue % , isthe adjoint rep
projection operator, as it satis es the invariance condition (18.6). To compute the
dimension of the adjoint rep, we use the relation

T () (T

that followstrivially from the form of the projection operator P4 intable 18.2. The
dimension is computed by taking trace (3.52),

_ _4n(n 1)
N _CD_ o= (18.13)
The 6-J coef cient, needed for the evaluation of the Dynkin index ( 7.27), can also

be evaluated by substituting (18.12) into

CO-00+

n +9
The Dynkinindex for the Eg family de ningrepis
In+9
=___- 18.14
6n 3 (18.14)

18.3 DIOPHANTINE CONDITIONSAND THE E¢ FAMILY

The expressions for the dimensions of various reps (see tables in this chapter) are
ratios of polynomialsin n, the dimension of thede ning rep. Asthe dimension of a
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rep should be a nonnegative integer, these relations are the Diophantine conditions
on the allowed values of n. The dimension of the adjoint rep (18.13) is one such
condition; the dimension of V4 from table 18.4 another. Furthermore, the positivity
of the dimension d,4 restricts the solutions to n 27. This leaves us with six
solutions: n = 3, 6,9, 15, 21, 27. Aswe shall show in chapter 21, of these solutions
only n = 21 is spurious; the remaining ve solutions are realized as the E ¢ row of
the Magic Triangle ( gure 1.1).

In the Cartan notation, the corresponding Lie algebrasare A, A, + Az, As, and
Es. Wedo not needto provethis, asfor E ¢ Springer hasalready proved the existence
of acubicinvariant, satisfying the relationsrequired by our construction, and for the
remaining Lie algebras the cubic invariant is easily constructed (see section 18.9).
We call theseinvariancegroupsthe E ¢ family and list the corresponding dimensions,
Dynkin labels, and Dynkin indicesin the tables of this chapter.

18.4 THREE-INDEX TENSORS

TheV V 'V tensor subspaces of U(n), listed in table 9.1, are decomposed by

invariant matrices constructed from the cubic primitived 4pc in thefol lowing manner.

18.4.1 Fully symmetricV V V tensors

We substitute expansion from table 18.1 into the symmetric projection operator
TE=-9PE JE IPE

Thev ¥ subspace is decomposed by the expansion of table 18.2:

I1SE-13 €-IDTEE- D €F wo

Thelast term vanishesby theinvariancecondition (6.53). To get the correct projector
operator normalization for the second term, we compute

.:‘ .:‘:1 .:‘+g ]
SB 3 8 3 @
1 3 n+9
=2 1+2—— wm =__"_ m (181
3 n+3 —— 3(n+3)— — (18.16)

Here, the second term is given by the Il 1-subspace eigenvalue (18.10) of the in-
variant matrix Q from (18.8). The resulting decompositionis givenin table 18.3.

18.4.2 Mixed symmetryV V V tensors

Theinvariant dape (Ti)$ satis es

wl

(18.17)



"90U0 AJuo
pa3si| e sde. pareada. Jo sjpde| UUAQ pue suosuswIpay L ‘z'gTajqelutpau ap (UM A A A J0J SIS UepIoD-UseR|D A|lwe) 95 €8T a|deL

‘ i 6
,mwm@mwaﬁmnf g g mwmni

sJoresedo uonloid

PUP Lucy Day version 8.8, March 2, 2008

GroupTheory

0T + 0T + + + 8 4+ + G + T + [z + 8 =9 oy
08Z +G/T + + + G684+ + 968 + T + 68T + 067 =.ST Sy
S26¢ + 8L + + ve8s + T+ + €00 = L2 °3
9 6+U € 6+U (6+u)9 _

@ wa wu tTow T & wa w Tl Tuerw F erwa oo e suostewid
(0e) (e0) (t1) ¥1) (00) (90) = .(z0) oy
(eo0t0) (00200) (Tooot) (TTT00)  (00000)  (0TOTO)  (0€000) = £(0T00D) Sy
(000T00) (T00000) (0TT000) (000000) (0TO0OT) (0£0000)= ¢(0TO00D) o3
spde| upuAg

g O I (W (111=0 O O

201



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

202 CHAPTER 18
This follows from the invariance condition (6.53):

ey Y el

Hence, the adjoint subspace lies in the mixed symmetry subspace, projected by
(9.10). Substituting expansions of tables 18.2 and 18.3, we obtain

I TR S

The corresponding decompositionislisted in table 18.3. The other mixed symmetry
subspace from table 9.1 decomposes in the same way.

18.4.3 Fully antisymmetricV V V tensors

All invariant matriceson V3 V 3, constructed from dape primitives, are
symmetric in at least a pair of indices. They vanish on the fully antisymmetric
subspace, hence, the fully antisymmetric subspaceintable 9.1 isirreduciblefor Eg.

18.5 DEFINING ADJOINT TENSORS

We turn next to the determination of the Clebsch-Gordan seriesfor V. A reps. As
always, this series contains the n-dimensional rep

n n
=_ + _
RSN e NN

= P1 + Ps (18-19)

:E: (18.20)

impliesthat V A also containsaprojectionontotheV V space. Thesymmetricrep
in (18.3) does not contribute, as the d ¢ invariance reduces (18.20) to a projection

ontotheV space:

The antisymmetrized part of (18.20),

>-<-<.
R= II: R = :I:l: (18.22)

Existence of the invariant tensor

(18.21)

N =
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projectsout theV V antisymmetric intermediate state, asin (18.3):

n+9 1 n+9 H
S Tt it OHP G

Here the normalization factor is evaluated by substituting the adjoint projection
operator Pa (table 18.2) into

B 6
RR_m_n+9a I . (18.24)

Inthisway, Ps in (18.19) reducesto Ps = P, + P,

Po= Nla>_<_< }-»-gH . (18.25)

However, P subspaceisalso reducible, asthere existsstill another invariant matrix

onV A space:
1
Q= EK' (18.26)

We compute Q2P by substituting the adjoint projection operator and dropping the
terms that belong to projectionsontoV andV V spaces:

1
PeQ*=25Pe )/
1 n+3
+ =40 _<.< >_<_
N+9 —e— 3 3a
6 n+3
_P°n+9 1 3a ‘5‘ 0

6 n+3
= +
|3°n+9 1 3a i
6 n+31
=P 1 — + . 18.2
‘n+9 6 aK 0 (18.27)

The resulting characteristic equation is surprisingly simple:
6

P.(Q+1) Q —35 -0 (18.28)

The associated projection operators and rep dimensions are listed in table 18.4.

The rep V4 has dimension zero for n = 27, singling out the exceptional group
Eg(27). Vanishing dimension implies that the corresponding projection operator
(4.22) vanishesidentically. This could imply arelation between the contractions of
primitives, such asthe G, aternativity relation implied by the vanishing of (16.30).
To investigate this possibility, we expand P 4 from table 18.4.

We start by using the invariance conditions and the adjoint projection operator
Pa from table 18.2 to evaluate

:II: = 2 - g:_!:l: . (18.29)

:PC
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Thisyields

H n 3—H
:D_)-C T n+9 (18.30)
_n+9 n+3 H
Pa= s 4u X n+9_(_ n+9}-C
Next, motivated by the hindsight of the next section, we rewrite P, in terms of the
cubic casimir (7.44). First we use invariance and Lie algebra (4.47) to derive the

relation
_ 1
I:I:( E 4 X ' (18.31)

We use the adjoint projection operator (18.11) to replace the dapcd°® pair in the
rst term,

1 n+9 ~__
= +3 +
B QL

(18.32)
In terms of the cubic casimir (7.44), the P, projection operator is given by

H - n+9 n+9
“6(n+3) 4 4

3 —
+§ > [+ . (18.33)
Substituting back into (18.30), we obtain

P, = n+9 27 n n+9
4T h+15 6 n+9/‘\ 4>—~<
(18.34)

We shall show in the next section that the cubic casimir, in the last term, vanishes
for n = 27. Hence, each termin this expansion vanishes separately for n = 27, and
no new relation follows from the vanishing of P 4. Too bad.

However, the vanishing of the cubic casimir for n = 27 does lead to severa
important relations, special to the E¢ algebra. One of these is the reduction of the
loop contraction of 6 dapc S. For Eg (18.33) becomes

G D

The left-hand side of this equationisrelated to aloop of 6 d 5¢ S (after substituting
the adjoint projection operators):

:S H Z =6§Q< g:g Z (18.36)
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Theright-hand side of (18.35) containsnoloop contractions. Substituting the adjoint
operatorsin both sides of (18.35), we obtain a tree expansion for loops of length 6:

1
Es : -3

(18.37)

A T 7NN
i\kt+_\]¥>+ + + +
+10 ;§(+_H_+\QQ +§%
,5_2:‘&'+-§-+ + + +

At thetime of writing this report, we lack a proof that we can compute any scalar
invariant built from d 4, contractions. However, the scalar invariants that we might
be unableto compute are of very high order, bigger than anythinglisted in table 5.1,
as their shortest loop must be of length 8 or longer, with no less than 30 vertices
in a vacuum bubble. (See table 2 in ref. [ 294] for the minimal number of vacuum
bubble vertices for a given shortest loop, or girth.")

The Dynkin indices (table 18.4) are computed using (7.29) with = de ning
rep, =adjointrep, = 3, 4

1 2
= —+5 d N@' (18.38)

Thevalueof the6-j coef cientfollowsfrom (18.28), theeigenval uesof theexchange
operator Q.

18.6 TWO-INDEX ADJOINT TENSORS

A A hasthe usual starting decomposition (17.7). Asin section 9.1, we study the
index interchange and the index contraction invariants Q and R:

Q:E, R:II. (18.39)
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0 + 82.T + 1S + Yk = 8L+.2 o3
(GT+u)(6+u) +
@ wwxm mxﬁ NS: & cmvfu:v:v @ chc + u = Nu suostBwiq
(o1) (€1) (T2) o) = (c0) (@D oy
(20000) (TTOO0T) (ooTOT) (otooo) = (0To00)  (TOOOT) Sy
(TT0000) (0000T0) (otoo00) = (0T0000)  (TOOOOO) o3
X ] “ ] = ] X spce| unuAq
A EA A ™A = ANV
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The decomposition induced by R follows from table 18.2; it decomposes the sym-
metric subspace Pg

1 1 | m|

By (9.80) R hasno effect on the antisymmetric subspaces Pa, P4. The correspond-
ing projection operators are normalized by evaluating

1 _ @27 n(n+1)
Em_ 2(n + 9)2

1m D 12(n 3) m
Emm " (n+09)?2 ' (1841)

Such relations are evaluated by substituting the Clebsch-Gordan series of table 18.2

into ]I which yields
_ 16 (n+ 1)(n +9)
I_(n+9)2 +( 2)) C+

Equation (18.41) then follows by substitution into

o a?(n+1)(n 27)
g ﬁ = A . (18.42)

ThIS |mpl|e;that the norm of the cub|c casimir (7.44) is given by

(n+1)(27 n)
dl_]kdl_]k = N @ 4—@:@ 2a3 (n - 9)2 . (1843)

Posut|V|ty of thenormrestrictsn  27. For E¢ (n = 27), the cubic casimir vanishes

identically:
Es : )\ =0. (18.44)

18.6.1 Reduction of antisymmetric three-index tensors

Consider the clebsch for projecting the antisymmetric subspaceof V. V.V onto
A A. By symmetry, it projects only onto the antisymmetric subspace of A A:

H = EB:[ (18.45)

Furthermore, it does not contribute to the adjoint subspace:

EEE}: ﬂ+ﬂ:o. (18.46)

That both terms vanish can easily be checked by substituting the adjoint projection
operator (table 18.2). Furthermore, by substituting (18.37) we have

1
Es n=27: EE:EEE_S—OEEE. (18.47)

Thismeansthat for Eg reps % and fully antisymmetrized 3-index tensors are equiv-
alent.
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'V V J0Sales ueplo-yasge|D Ajiwe) 93 G'8T ajdeL

O,

ot

mn_ _ — on_ £ mn_ Hn_ — vn_ £ U mmﬂh — Hn_

:(2Z = u)93 Jojsloriedo uonxslold
0T + 0] 8 + 12 + 0 + 8 + T = .8 v
Zs + 25 91 + + + a1 + T =97 v + oV
08z + 082 Ge + sy 4+ 68T + Ge + T = ,G¢ Sy
5262 8. + 0+ 059 + 0 + T =,8. o3
N + t Toewm +t EY DN+ T =_N uosUeWIp
() + (o) tn + () + (1) +  (00) =,(11) v
(oto02) + (c0010) (tooot) + (eoo0e) +  (otOTO)  + (Tooot) + (00000) = (T0O0OT) Sy
(00T00) (tooooo) + (zooooo) +  (otooor)  + . + (000000) = ,(T00000) o3
g < RO ‘. : =K K R

A A SA YA EA A ™A =V V
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18.7 DYNKIN LABELS AND YOUNG TABLEAUX FOR Eg

A rep of Eg ischaracterized by six Dynkinlabels (a1a2azasasag). The correspond-
ing Dynkin diagram is given in table 7.6. The relation of the Dynkin labels to the
Young tableaux (section 7.9) isless obviousthan in the case of SU (n), SO(n), and
Sp(n) groups, because for E¢ they correspond to tensors made traceless also with
respect to the cubic invariant d 5pc.

The rstthreelabelsa;, az, az havethesamesigni canceasfor theU (n) Young
tableaux. a; counts the number of (not antisymmetrized) contravariant indices
(columns of one box m). a, counts the number of antisymmetrized contravariant
index pairs (columns of two boxes [g). as is the number of antisymmetrized covari-
ant index triples. That is al as expected, as the symmetric invariant d gpc cannot
project anything from the antisymmetric subspaces. That is why the antisymmetric
repsin table 18.1 and table 18.3 have the same dimension as for SU (27).

However, according to (18.47), an antisymmetric contravariant index triple is
equivalent to an antisymmetric pair of adjoint indices. Hence, contrary to the U (n)
intuition, thisrep is real. We can use the clebsches from (18.47) to turn any set of
3p antisymmetrized contravariant indices into p adjoint antisymmetric index pairs.
For example, for p = 2 we have

oall Wox

Hence, a column of morethan two boxesisalways reduced modulo 3to a 3 antisym-
metric adjoint pairs (in the above exampleas = p), that we shall denote by columns
of two crossed boxes .

In the same fashion, the antisymmetric covariant index n-tuples contributeto a 3,
the number of antisymmetric adjoint pairs % a, antisymmetrized covariant index
pairs{, and as (not antisymmetrized) covariant indices (.

Finally, taking atrace of a covariant-contravariant index pair implies removing
both asinglet and an adjoint rep. We shall denote the adjoint rep by X1. The number
of (not antisymmetrized) adjoint indices is given by ag. For example, an SU (n)
tensor x§ V /. decomposes into three reps of table 18.2. The rst oneisthe
singlet (000000), that we denote by . The second one is the adjoint subspace
(0000001) = XK. The remainder is labeled by the number of covariant indices
a; = 1, and contravariant indicesas = 1, yielding (100010) = m] rep.

Any set of 2p antisymmetrized adjoint indicesis equivalent to p symmetrized pairs
by the identity

1
2

= 4+ = 4+ — oo (1849)
ps) . =) p

Thisreducesany column of three % or more antisymmetricindices. We concludethat
any irreducible Eg tensor can, therefore, be speci ed by six numbersag, az, ...as.
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An Eg tensor is made irreducible by projecting out all invariant subspaces. We
do this by identifying all invariant tensors with right indices and symmetries and
constructing the corresponding projection operators, as exempli ed by tables 18.1
through 18.5. If we areinterested only in identifying the termsin a Clebsch-Gordan
series, this can be quickly done by listing all possible nonvanishing invariant pro-
jections (many candidates vanish by symmetry or the invariance conditions) and
checking whether their dimensions (from the Patera-Sankoff tables [ 273]) add up.
Examples are given in table 18.6.

To summarize, the correspondence between the E¢ Dynkin diagram from ta-
ble 7.6, Dynkin labels, irreducible tensors, and the dimensions of the lowest corre-
sponding repsis

6
(a1, @2, a3, a4, as, as)

1 2 3 4 5
(. = % H [,5)  (27,351,2925,351,27,78)  (18.50)

a; = number of not antisymmetrized contravariant indices [ |
a; = number of antisymmetrized contravariant pairs =
: . N . | |
az = number of antisymmetrized adjoint index pairs % =H=
|
as = number of antisymmetrized covariant pairs H
as = number of not antisymmetrized covariant indices []
as = number of not antisymmetrized adjoint indices X
For example, the Young tableau for the rep (2,1,3,2,1,2) can be drawn as
L B0 (18.51)
The differencein the number of the covariant and contravariant indices
a; +2a, 2a; as (mod3) (18.52)

iscalledtriality. Modul o 3 arises because of the conversion of antisymmetrictriplets
into the real antisymmetric adjoint pairsby (18.47). Thetriality is a useful check of
correctness of a Clebsch-Gordan series, as all subspacesin the series must have the
sametriality.

18.8 CASIMIRS FOR Eg

Intable 7.1 we havelisted the orders of independent casimirsfor E¢ as2, 5, 6, 8, 9,
12. Here we shall use our construction of E(27) to partially prove this statement.
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27 27 351 351 27
0 0= +)+m
27 + 27 = 650 1 78

m -0~ + X

351 « 27 5824 2925 650 78

H o=H'+ g O

27 + 351 7371 27 1728 351

m -8 .. F

27 78 1728 27 351

0 o XK=mx+ 0+ |

78 - 78 2925 2430 1 78 650

N M= X+ R+

351 « 27 5824 3003 650

(1) = 1 +[T11+ M0
27 351 7722 27 1728
B (- [ +[IX
650 - 27 7722 7371 351 351 1728 27

m - -8 am e O
331 - 78 17550 351 351 27 7311 1728

H X = +H+Dj+.+=j+.g

2025 « 27 51975 1728 17550 7371 351

R R

Table 18.6 Examples of the Es Clebsch-Gordan series in terms of the Young tableaux.
Various terms in the expansion correspond to projections on various subspaces,
indicated by the Clebsch-Gordan coef cients listed on the right. See tables 18.1
through 18.5 for explicit projection operators.
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By the hermiticity of T;, the fully symmetric tensor d;ji from (18.43) isreal, and

Qﬂ@ = (dij)? 0. (18.53)

By (18.43), thisequals

_ad(n+1)(27 n)
CHE) B I o PR (18.54)

The cubic casimir djjk vanishesidentically for Ee.
Next we prove that the quartic casimir for E¢ is reducible. From table 18.1
expression for the adjoint rep projection operator we have

3 n+9 ] ——
= + — =+ 18.5
>"'< n+3 6 I 3 >< . (1859

which yields

3 n+9 1~
S Qe

Now the quartic casimir. By the invariance (6.53)

- D e

[ \ I
The second term vanishes by the invariance (6.53).

@ == ﬁ =0. (18.58)

[ ] [ ]
T T 1T
Substituting (18.32), we obtain

n+9 2
= + . .

For E¢ the cubic casimir vanishes, and consequently the quartic casimir is asquare
of the quadratic casimir:

1
Eg:trX*= E(tr X?)2. (18.60)

The quintic casimir tr X° for E¢ must be irreducible, as it cannot be expressed as
a power of tr X2, We leave it as an exercise to the reader to prove that tr X © is
irreducible.

Thereducibility of tr X 7 can bedemonstrated by similar birdtrack manipulations,
but as the higher irreducible casimirs are beyond manual calculation (according to
table 7.1 the Betti numbersfor Eg are 2, 5, 6, 8, 9, 128, 9, 12), thistask is better
left to a computer [ 294].
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18.9 SUBGROUPS OF Eg¢

Why is A2(6) in the Eg family? The symmetric 2-index rep (9.2) of SU(3) is
6-dimensional. The symmetric cubicinvariant (18.2) can be constructed using apair

of Levi-Civitatensors,
}*\ = (@ (18.61)

Contractionsof several d,pc Scan bereduced using the projection operator properties
(6.28) of Levi-Civitatensors, yielding expressions such as

As(6) : 1>_<.< :% /)\"‘ + >< 2>< (1862
4 > 15—
T =ty A3 e (18

The reader can check that, for example, the Springer relation (18.65) is satis ed.

Q|

Why is A5(15) in the Eg family? The antisymmetric 2-index rep (9.3) of As =
SU (6) is15-dimensional. Thesymmetric cubicinvariant (18.2) isconstructed using
the Levi-Civitainvariant (6.27) for SU (6):

\( :MH!&_ 1864

Thereader isinvited to check the correctnessof the primitivenessassumption ( 18.5).
All other results of this chapter then follow.

Is Az + A2(9) in the Eg family? Exercise for the reader: unravel the A, + Ay
9-dimensional rep, construct the d 5 invariant.
18.10 SPRINGER RELATION

Substituting Pa into the invariance condition (6.53), one obtainsthe Springer rela-

tion [314, 315]
+
% AN A J—@

The Springer relation can be used to eliminate one of the three possible contractions
of threedapc S. For the G, family it was possible to reduce any contraction of three

W =



GroupTheory  PUP Lucy Day version 8.8, March 2, 2008

214 CHAPTER 18

fanc Shy (16.15); however, asingle chain of three d 55c S cannot be reducible. If it
were, symmetry would dictate a reduction relation of the form

T
=A + . (18.66)

Contracting with dape One  nds that contractions of pairs of d g, S should also be

reducible:
:
=A + . (18.67)

Contractions of this relation with dapc and 2 yieldsn = 1, i.e,, reduction relation
(18.66) can be satis ed only by atrivial 1-dimensional de ning rep.

18.11 SPRINGER’S CONSTRUCTION OF Eg

In the preceding sectionswe have given a sel f-contained derivation of the E g family,
in notation unfamiliar to the handful of living experts on this subject. Here we
trandate our results into the more established algebraic notation, and identify the
relations already given in the literature.

Definition (Springer [314, 315]). Let V, ¥ be nite-dimensional vector spaces
paired by aninner product #, x (seesection 3.1.2). Assumeexistenceof symmetric
trilinear forms x,y,z , K, ¥, 8 .1f X,y V, there exists by duality x vy /.
such that

33Xy, z = X VY,Z, (18.68)

withthe® § V product de ned similarly. Assumethat the product satis es
Soringer relation [130]

X xX) (X X)= XXX X (18.69)

(together with the corresponding formulafor x ~ K). Springer proves that the ex-
ceptional simple Jordan algebra of [3 3] hermitian matrices x with octonionic
matrix elements[129, 130, 304, 168] satis es these assumptions, and that the char-
acteristic equation for [3 3] matrix X yieldsthe relation (18.69). Our purpose here
is not to give an account of Freudenthal theory, but to aid the reader in relating the
birdtrack notation to Freudenthal-Springer octonionic formulation. The reader is
referred to the cited literature for the full exposition and proofs.

The nonassociative multiplication rule for elements x can be written in an or-
thonormal basis X = x,€2, # = x2e,,

ea,e” = 2, ab=1,2...,27. (18.70)
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Expand X, ® and de ne[150]
e? e =de. (18.71)

Expressed in this basis, (18.69) is the Springer relation (18.65), with = 5/2.
Freudenthal and Springer prove that (18.69) is satis ed if d2° is related to the
Jordan product

el eb — dabcec
by
e g2 %[ Ptr(e?) + *tr(e”) + Ctr(e?)] + %tr(ea) tr(e®) tr(e®).
Thede ning n = 27 representation of E¢ is the group of isomorphismsthat leave
R,y = Dx®y,and x,y,z = d®°x,ypz. invariant. The derivation” (4.25)
V2 V=V A V isgivenby Freudenthal, equation (1.21) inref. [ 129]:

Dz [x¥z=2 (x 2) %ﬂ,z X %f/l,x z.
Expressedinthebasis (18.70), thisisthe adjoint projection operator P (table 18.2),
(Dz)g = 3Xay’(Pa)2Szc. (18.72)

Theinvariance of the x-product is given by Freudenthal as

Dx,x x =0.

Expressed in the basis (18.70) thisis the invariance condition (6.53) for dapc.
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F, family of invariance groups

Inthischapter we classify and construct al invariance groupswhose primitiveinvari-
ant tensors are a symmetric bilinear dap, and a symmetric trilinear dap, satisfying
therelation (19.16).

Take as primitives a symmetric quadratic invariant d 5, and a symmetric cubic
invariant dape. Asexplainedin chapter 12, we can used,y, to lower all indices. Inthe
birdtrack notation, we drop the open circles denoting symmetric 2-index invariant
tensor d2°, and we drop arrows on all lines:

dab =dap =

, a
dabc =Ubac = dach = /k = ﬁ (19.2)
b c

The de ning n-dimensional rep is by assumption irreducible, so

dapclooa=— _— = —— = a4 (19.2)
dab :—O =0. (19.3)

Were (19.3) nonvanishing, we could use —) (— to project out a 1-dimensional
subspace, violating the assumption that the de ning repisirreducible. The value of
depends on the normalization convention (Schafer [ 304] takes = 7/3).

19.1 TWO-INDEX TENSORS

danc isaclebsch forvV Vv V, so without any calculationtheV V spaceis
decomposed into four subspaces:

D
ST B C

1=Pg+P +P;+Ps. (19.4)

We turn next to the decompositionsinduced by the invariant matrix

Qab,cd = l | . (19.5)
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| shall assume that Q does not decompose the symmetric subspace, i.e., that its
symmetrized projection can be expressed as

EHZAH“LBI*C) C. (19.6)

Together with the list of primitives (19.1), this assumption defines the F4 family.
This correspondsto the assumption (16.3) in the construction of G». | have not been
able to construct the F4 family without this assumption.

Invariance groups with primitives dgap, danc that do not satisfy (19.6) do exist.
Thefamiliar example[ 73, 41] istheadjointrep of SU(n),n 4, wheredpc isthe
Gell-Mann symmetric tensor (9.87).

Let us rst dispose of the possibility that the invariant 4-tensorsin (19.6) satisfy
additional relationships. Symmetrizing (19.6) in all legs, we obtain

1A =B+ C)%. (19.7)

Neither of the tensors can vanish, as contractionswith swould lead to

o:% n+2=0, 0 % =0. (19.8)

If the coef cientsweretovanish,1 A =B + C =0, wewould have

LI >« -OZ DG we

Antisymmetrizing the top two legs, we nd that

1 —
—Bﬁ—H- a1

In this case the invariant matrix Q of (19.5) can be eliminated,

o< R DC e

and does not split the antisymmetric part of (19.4). In that case the adjoint rep of
SO(n) would also be the adjoint rep for the invariance group of d gnc. However, the
invariance condition

0= (19.12)

cannot in this case be satis ed for any positive dimension n:

o:& 0= é@ n+1=0. (19.13)
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Hence the coef cientsin (19.7) are nonvanishing, and there are no additional rela-
tions beyond (19.6). The coef cientsare xed by tracingwith gp:

1 2
= [% = . (19.14)

Expanding the symmetrization operator, we can write this relation as

I > =a Al ) G e

or, more symmetricaly, as
S N = D C+U+><
n+2 M
m( ab cd ¥ ad bc t ac bd)- (19-16)
Insection 19.3, weshall show that thisrelation can beinterpreted asthe characteristic
equation for [3 3] octonionic matrices. This is the defining relation for the F 4
family, equivalent to the assumption (19.6).

Theeigenvalue of theinvariant matrix Q on the n-dimensional subspace can now
be computed from (19.15):

1 1 2
_ —+ — =
:D 2> n+2
1 In 2
TD—= Gmeey— e

Let us now turn to the action of the invariant matrix Q on the antisymmetric
subspacein (19.4). We evaluate Q2 with the help of (19.16) and the identity (6.60),
replacing the top dapedecq pair by

- TA IX
nﬂmI

1
n 04

2n+2 n+2
Therootsare g = 1/2, g= 4/(n + 2), and the associated projectorsyield the
adjoint rep and the antisymmetric rep

8 n +2
Px= 010 I + (19.19)
n+2
= 10 I I | (19.20)

Py istheprojection operator fortheadjointrep, asitsatis estheinvariancecondition
(19.12). The dimensions of the two representations are

dabelecd + dadedebe + dacelebd =

0=A Q? (19.18)

3n(n 2) n(n+1)(n+2)
N=trPg=——-—"" =trPp=———"+—_—= 19.21
e = 010 dg = trPy 2(n + 10) (19.21)
and the Dynkin index of the de ning representationis
n+ 10
= (19.22)

T B5n 22°
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19.2 DEFINING ADJOINT TENSORS
TheV A space always containsthe de ning rep:
N N
= + - .
aN aN
1= Pg + P;. (19.23)
We can use dgpc and (Ti)ap to projectaV VvV subspacefromV A

i c
Riapc = | . (19.29)
a b

By the invariance condition (19.12), R projects the symmetrized V.V subspace

ontoV
H = % | . (19.25)

Hence, R maps the P subspace only onto the antisymmetrizedV = V:
P;R=RA

P, | = | I . (19.26)

TheV V space was decomposed in the preceding section. Using (19.19) and

(19.20), we have
j:l:[ = H + >i< . (19.27)

The P7 space can now be decomposed as
P7=Pg+Pg+ Py

I %H:%H + %ﬂ + P1o. (19.28)

Sy eaey
}i{:m H (19.29)

and the normalization factors are the usual normalizations (5.8) for 3-vertices. An
interesting thing happensin evaluating the normalization for the Pg subspace: sub-

Here,

stituting (19.19) into l%, we obtain

1 1 26 n
N@_? ~ 4(n+10)’
1, 6N 2

@ T (n+2)(n+10)° (19.30)
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The normalization factor is a sum of squares of real numbers:
1
=% [(Msaca(Tal” 0. (19.31)
i.j,a
Hence, either n = 26 or n < 26. We must distinguish between the two cases: asthe
corresponding clebsches areidentically zero,

n:26:—<X=O, (19.32)

and P~ subspace in (19.28) does not contain the adjoint rep, (19.28) is replaced by

—op. N _ dH >
n=26: a—N>¢—<_ @>-<—<+Plo. (19.33)

Another invariant matrixonV A space can be formed from two (T i) ap generators:

Q= K . (19.34)

We compute P1oQ? by substituting the adjoint projection operator by (19.19),
using the characteristic equation (19.15) and the invariance condition (19.12), and
dropping the contributions to the subspaces already removed from P 1p:

8 n+2
= - +
Pmb{_ |:)10n+10 g 4
4 n+2
— 1 + ( )

o i OO
opr T Q3
1
+— + -
_ 2 n+?2
“Popvm S © ‘@ %
2_ 31 N*45 4 (vanishing) (19.35)
R 10 9 :
Hence Q? satis es a characteristic equation
_ > . nh+4 6
0=Pp Q +n+1OQ n+101 , (19.36)
withroots 13 = 1, 12 = 6/(n+10),andthecorresponding projectionoperators
n+10 6
P11=Pio——= e 16 10 Q , (19.37)
Py,=P 1+Q). 19.
=Pl 21+ Q) (19.38)
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To use these expressions, we also need to evaluate the eigenval ues of the invariant
matrix Q on subspaces Pg, Pg, and Py :

. n _ N Ca 1
QPs = - = — 3 Pe=3Pe. (19.39)

We nditsomewhat surprising that thiseigenval ue doesnot depend onthedimension

QPBZ%X}C; %D{

N 3(n
= —_pg= —~ _“p
2n ° 2(n+10) °
n 8
Po= — Pg. 19.4
QPg Pl (19.40)

Theserelations are valid for any n.
Now wecan eval uatethedimensionsof subspacesP 11, P12. Weobtainforn < 26
nin 2)(n 5)(14 n)
2(n+10)(n+16) '’
_ _3n(n+1)(n 5)
d12 =tr P12 = n+16 . (1942)

A small miracle has taken place: only n = 26 andn 14 are allowed. However,
di> < 0forn < 5doesnot excludethen = 2 solution, asin that case the dimension
of theadjointrep (19.19) isidentically zero,andV A decompositionismeaningless.

For n = 26, P1o isde ned by (19.33), the adjoint rep does not contribute, and
the dimensions are given by

n=26: dy=0, dyp=1053. (19.43)

If adimension is zero, the corresponding projection operator vanishes identically,
and we have arelation between invariants:

din=trPy = (19.41)

1 1
0=P11 =Py 61 Q =@ Ps Py 61 Q

Substituting the eigenvalues of Q, we obtain arelation speci cto F4

+%\ / %j:l:([ (19.44)

Hence, for F4 Lieagebra(n = 26) thetwoinvariants, R in (19.26) and Q in (19.34),
are not independent.

By now the (very gifted) reader hasthe hang of it, and can compl etethe cal cul ation
on her own: if so, the author would be grateful to seeit. The 2-index adjoint tensors
decomposition proceeds in what, by now, is aroutine: one rst notesthat A A
always decomposesinto at least four reps (17.6). Then one constructs an invariant
tensor that satis es acharacteristic equationonthe A A space, and so on. Some of
these calculations are carried out in ref. [ 74], sections 15, 20, and appendix, p. 97.

1
=26 = _
n 6

<
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0 0=+ 0O +H o+
262 = 324 + 26 + 1 + 273 + B2
X 0= K1+ 0 + H
5226 = 1053 + 26 + 273
X X = XX + % + X+ + H

522 = 1053 + 1274 + 52 + 1 + 324

O O=00+H+ 0+ H + [+ xJ
32426 = 2652 + 1696 + 26 + 273 + 324 + 1053
HD: ‘+§+E+H+X+D+@
27326 = %96 + 1274 + 324 + 273 + 52 + 26 + 1053

Table 19.1 Kronecker products for the ve lowest-dimensional reps of Fa, where O is the
26-dimensional de ning rep, and = the 52-dimensional adjoint rep. See Patera et
al. [236] and ref. [194] for tabulations of higher-order series.

19.3 JORDAN ALGEBRA AND F4(26)

Asin section 18.11, consider the exceptional simple Jordan algebra of hermitian

[3 3] matriceswith octonionic matrix elements. The nonassociative multiplication

rule for tracel ess octonionic matrices X can be written, in abasisx = x,€3,, as
€alh = Epea = %bl +dascec, abc {1,2,...,26}, (19.45)

wheretr(ea) = 0, and I isthe[3 3] unit matrix. Traceless[3 3] matrices satisfy
the characteristic equation

x3 % tr(x?) x % tr(x®)1=0. (19.46)

Substituting (19.45) weobtain (19.14), withnormalization = 7/3. Itisinteresting
to note that the Jordan identity [ 304],

(xy)x? = x(yx?) (19.47)

(which de nes Jordan algebra in the way Jacobi identity de nes Lie algebra) is
atrivia consequence of (19.14). Freudenthal [130] and Schafer [304] show that
the group of isomorphisms that leave forms tr(xXy) = apXaXp and tr(xyz) =
dancXaYpZc invariant is F4(26). The derivation (i.e, Lie agebra generators) is
given by Tits:

Dz = (xz)y x(zy) [eq.(28)inref.[325]]. (19.48)
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Substituting (19.45), we recover the n = 26 case of the adjoint rep projection
operator (19.19):

1
(Dz)d = XaYb g( ad bc ac bd) + (Obcelead  daceebd) Zc. (19.49)

19.4 DYNKIN LABELS AND YOUNG TABLEAUX FOR F4

The correspondencebetween the f 4 Dynkindiagramfromtable 7.6, thefour Dynkin
labels, irreducible tensor Young tableaux, and the dimensions of the lowest corre-
sponding repsis

1 2 3 4 (a187834)

O—O:I—!
., % , H n (52,1274,273, 26) . (19.50)
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Chapter Twenty

E- family and its negative-dimensional cousins

Parisi and Sourlas[269] have suggested that a Grassmann vector space of dimension
n can beinterpreted asan ordinary vector spaceof dimension n.Aswehaveseenin
chapter 13, semisimple Lie groupsabound with examplesinwhichann n sub-
stitution can beinterpreted inthisway. An early examplewasPenrose shinors[ 280],
reps of SU(2) = Sp(2) constructed as SO(  2), and discussed herein chapter 14.
Thisisaspecial case of ageneral relation between SO(n) and Sp( n) established
in chapter 13; if symmetrizations and antisymmetrizations are interchanged, reps
of SO(n) become Sp( n) reps. Here we work out in detail a 1977 example of a
negative-dimensionsrelation [ 74], subsequently made even moreintriguing [ 78] by
Cremmer and Julia s discovery of aglobal E; symmetry in supergravity [ 68].

We extend the Minkowski space into Grassmann dimensions by requiring that
the invariant length and volume that characterize the Lorentz group (SO(3, 1) or
SO(4) compactness plays no role in this analysis) become a quadratic and a
quartic supersymmetric invariant. The symmetry group of the Grassmann sector
will turnouttobeoneof SO(2),SU(2),SU(2) SU(2) SU(2),Sp(6),SU(6),
SO(12), or E7, which also happens to be the list of possible global symmetries of
extended supergravities.

Asshownin chapter 10, SO(4) istheinvariancegroup of the Kronecker deltag
and the Levi-Civitatensor ; hence, we are looking for the invariance group of
the supersymmetric invariants

xy)=g9 xvy,
X, y,z,w)=e Xyzw, (20.1)
where , ,...=4,3,2,1, 1, 2,..., n.Our motivefor thinking of the Grass-
manndimensionsas nisthatwede nethedimensionasatrace(3.52),n = ,and

inaGrassmann (or fermionic) world each trace carriesaminussign. For thequadratic
invariant g alone, the invariance group is the orthosymplectic OSp(4, n). This
group [177] isorthogonal in the bosonic dimensions and symplectic in the Grass-
mann dimensions, becauseif g issymmetricinthe , > 0indices, it must be
antisymmetricinthe , < 0indices. In this way the supersymmetry tiesin with
theSO(n) Sp( n) equivalence developed in chapter 13.

Following thisline of reasoning, aquarticinvariant tensor e ,antisymmetricin
ordinary dimensions, is symmetric in the Grassmann dimensions. Our task is then
to determine al groups that admit an antisymmetric quadratic invariant, together
with a symmetric quartic invariant. Theresulting classi cation can be summarized

by
symmetricg  + antisymmetric T : (20.2)
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(A1 + A1)(4), G2(7), B3(8), Ds(10)
antisymmetricf + symmetricd
SO(2), A1(4), (A1 + Ap + A1)(8), C3(14), As(20), De(32), E7(56) ,

wherethenumbersin () arethede ning rep dimensions. The second case generates
arow of the Magic Triangle ( gure 1.1).

From the supergravity point of view, it is intriguing to note that the Grassmann
spacerelativesof our SO(4) worldincludeE7, SO(12), and SU (6) inthe samereps
as those discovered by Cremmer and Julia. Furthermore, it appears that all seven
possible groups can be realized as global symmetries of the seven extended super-
gravities, if one vector multipletisaddedto N = 1, 2, 3, 4 extended supergravities.

In sections. 20.1-20.3, we determine the groupsthat allow asymmetric quadratic
invariant together with an antisymmetric quartic invariant. The end result of the
analysis is a set of Diophantine conditions, together with the explicit projection
operators for irreducible reps. In section 20.4, the analysis is repeated for an anti-
symmetric quadratic invariant together with a symmetric quartic invariant. We nd
the same Diophantine conditions, with dimension n replaced by n, and the same
projection operators, with symmetrizations and antisymmetrizationsinterchanged.

Parenthetically, you might wonder, how does one gure out such things without
birdtracks?| cannot guess, and | suspect one does not. In this chapter the E 7 family
isderived diagrammatically, followingref. [ 74], but asexpertswith amorealgebraic
mindset used to nd birdtracks very foreign, in ref. [ 78] we hid our tracks behind
the conventional algebraic notation of Okubo [ 255]. The reader can decide what is
easier to digest, algebraic notation or birdtracks.

20.1 SO(4) FAMILY

According totable 10.1, the ip from (6.2) together with theindex contraction T
from (10.8) decompose V.V of SO(n) into singlet (10.11), traceless symmetric
(10.10), and antisymmetric adjoint (10.12) subspaces,V. V =V; V, V3. Now
demand, in addition to the above set of V 4 invariant tensors, the existence of afully
antisymmetric primitive quartic invariant,

f fo=f =f =Y
f :m. (203)

Asf is of even rank and thus anticyclic, f = f , we deploy the black
semicircle birdtrack notation (6.57) in order to distinguishthe rst leg.

TheonlyV V  V V invariant matrix that can be constructed from the new
invariant and the symmetric bilinear tensor (10.2) is

Q =g f g =:KO: (20.4)

(we ndit convenient to distinguish the upper, lower indicesin what follows). Due
to its antisymmetry, the Q invariant does not decompose the symmetric subspaces
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(10.10), (10.11):

P,Q =0, P2Q=%(1+ )Q =0.

The Q invariant can, however, decompose the antisymmetric V 3 subspace (10.12)
into the new adjoint subspace A and the remaining antisymmetric subspace V 7:

adjoint:  Pa= Q + bPg3, b = N/d3

B e e

antisymmetricc.  P;= Q + (1 b)P3

a%}_@_{: K +a b):l::, (205)

whereds = n(n  1)/2 isthe dimension of the SO(n) adjoint representation, b is
xed by N = tr P, and the N is the dimension of the adjoint representation of
the f invariance subgroup of SO(n), to be determined.
By the primitivenessassumption (3.39) nofurther invariant matrices V4 exigt,
linearly independent of Q. In particular, Q? is not independent and is reducible to
Q and P3 by the projection operator indempotency,

0=P% Pa=Q%+(2b 1)Q+Db(b 1)P3

OZM+(2b 1):Kj+b(b 1):]:. (20.6)

Rewriting the indempotency relation as
PA = (Q+b1)Pa =Pa
yieldstheeigenvalue A =1 b of thematrix Q on the adjoint space A:

m =@ b)) (20.7)

Condition (20.6) also insuresthat theV ~ V matrix

2 _ Ndy
@) =14
is proportional to unity. Were this not true, distinct eigenvalues of the Q 2 matrix
would decompose the de ning n-dimensional rep, contradicting the primitiveness
assumption that the de ning rep isirreducible.

Now antisymmetrizefully therelation (20.6). The P3 contribution dropsout, and
the antisymmetrized Q2 is reduced to Q by:

W +(2b 1)@ = 0. (208)
Theinvariance condition (4.35)
0= \@ (20.9)
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yields the second constraint on the Q2:

B o

The quadratic casimir for thede ningrepandthe 4-vertex" insertion are computed
by substituting the adjoint projection operator P a,

Lo =20 ey @.: Y o

In this way the invariance condition (20.9)

b _
W +am 9 m =0 (20.12)

xesthevalueof b = 6/(16 n). The projection operators (20.5)
adjoint: Pao= Q+

5 Pa (20.13)

: Ps (20.14)

. . 1
antisymmetric: Py = Q + 12

decomposethen(n  1)/2-dimensional adjoint space V3 of SO(n) into two sub-
spaces of dimensions

3an(n 1) _ _n(n 1)(10 n)
16 0 YEUPTETE

ThiscompletesthedecompositionV V =V; Vs A V7. FromtheDiophan-
tine conditions (20.15) it follows that the subspaces V4, V7 have positive integer
dimension only for n = 4,6, 7,8, 10. However, thereduction of AV undertaken
next eliminatesthe n = 6 possibility.

N =trPa = (20.15)

20.2 DEFINING ADJOINT TENSORS

Thereductionof theV V space, induced by thesymmetricg  and antisymmetric
f invariants, has led to very restrictive Diophantine conditions ( 20.15). Further
Diophantineconditionsfollow fromthereduction of higher product spaces V 9. We
turntothereductionof (adjoint) (de ning)=A V Kronecker product, proceeding
asinsections 9.11, 10.2, 18.5, and 19.2.

Thethreesimplest A V. AV invariant matrices one can write down are
the identity matrix, and

R= jt ﬁ K (20.16)

R projects onto the de ning space, AV . Its characteristic

aqua[lon
R2 = >—Q—< = ﬂR’
n
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and the associated projection operators (3.48)

n n
Po= 1t < Po= el (20.17)

decompose A V =Vg Vg, with dimensions
dg =n, dg =1r Pg = n(N 1) (2018)
The characteristic equation for

is computed by inserting the adjoint rep projection operator ( 20.13) and using the
invariance condition (20.9) and the Q eigenvalue (20.7). Theresult (projected onto
the Vg Subﬁaace) isasurprisingly simple quadratic equation,

0= Q? (/2+b)Q+hb/2 Pg=(Q 1/2)(Q+h)Py, (20.19)
with roots
0= b, 11 =1/2. (20.20)
Then(N  1)-dimensional space Vg isnow decomposed into
Po=Pipo + P11

(the prefactors are the 3-vertex normali zat| ons ( 5.8)), wi th the associated projection
operators (3.48)

2(16 n) 1
= - -+ —
P1o %8 N Q 21 Pg,
2(16 n) 6
= - + —
P11 8 n Q 6 n 1 Pg. (20.22)

This completes the decomposition V' Va = Vg Vi  Vi1. To compute the
dimensions of V19, V11 subspaces, evaluate
trPgQ = 2n(2+n)/(16 n), (20.23)

to, nally, obtain
3an(n+2)(n 4)

28 n '
32n(n 1)(n+2)
(16 n)28 n) -’
The denominators differ from those in (20.15); of the solutions to (20.15), d =
4,7,8,10 are aso solutions to the new Diophantine conditions. All solutions are
summarized in table 20.1.

d]_o =1tr P]_

d =tr Pll (2024)

20.3 LIE ALGEBRA IDENTIFICATION

As we have shown, symmetricg  together with antisymmetric f invariants
cannot berealized in dimensionsother thand = 4, 7, 8, 10. But can they berealized
at all? To verify that, one can turn to the tables of Lie algebras of ref. [ 273] and
identify these four solutions.
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Rep Dimension AL+ A, Gy B3 Dsg
V =de ning n 4 7 8 10
i A — 3n(n 1)

A=adjoint N = =5+ 3 14 21 45
Vo =antisym. RO 3 7 7 0

Vs=symmetric (2 D 9 21 35 54
Vio Sn(ne 2 1) 0 27 48 120
Vip s2n(n_1)(n+2) 8 64 112 320

(16 n)(28 n)

Table 20.1 Rep dimensions for the SO(4) family of invariance groups.

20.3.1 SO(4) or A; + A; algebra

The rst solution, d = 4, isnot asurprise; it was SO(4), Minkowski or euclidean
version, that motivated the whole project. The quartic invariant is the Levi-Civita

tensor . Even so, the projectors constructed are interesting. Taking
Q =g ¢ , (20.25)
one can immediately calculate (20.6):
Q? = 4P;. (20.26)
The projectors (20.14) become
Pa= %Ps + %Q. P7 = %Ps %Q, (20.27)

and the dimensionsare N = d; = 3. Also both P 5 and P satisfy the invariance
condition, the adjoint rep splitsinto two invariant subspaces. In this way, one shows
that the Lie algebra of SO(4) is the semisimple SU(2) + SU(2) = A; + A;.
Furthermore, the projection operatorsareprecisely the , “symbolsused by t Hooft
[164] to map the self-dual and self-antidual SO(4) antisymmetric tensors onto
SU (2) gauge group:

Pa) =

& ’ 1

+ = -

g ¢ a

& ’ 1

(P7) = g 9 = 2

The only difference is that instead of using an index pair , t Hooft indexes the

adjoint spacesby a = 1, 2, 3. All identities, listed in the appendix of ref. [ 164], now
follow from the relations of section 20.1.

I N

0 Ta (20.28)

20.3.2 Definingrep of G,

The 7-dimensional rep of G is a subgroup of SO(7), so it has invariants ;; and
. Inaddition, it has an antisymmetric cubicinvariant [43, 73] f ,thein-
variant that wehadidenti edinsection 16.5asthemultiplication tablefor octonions.
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Rep Dynkin index A1+ A1 G Bs Ds
— H 16 1 1 1 1
V=de ning a(n+2) 3 i 5 3
A=adjoint 1 1 1 1 1
V7=antisym. 7(104(2)45'21) D 0 i L 0
Vs=symmetric (16 n) 3 2 2 3
7(16 4
Vio K Caum 7 5 3
Vi 8((228m;17)) 5 8 2 12

Table 20.2 Dynkin indices for the SO(4) family of invariance groups.

The quartic invariant we have inadvertently rediscovered is
f = f . (20.29)

Furthermore, for G, we havetheidentity (16.15) by which any chain of contractions
of more than two f can be reduced. Projection operators of section 20.1 and
section 20.2 yield the G, Clebsch-Gordan series (16.12):

7 7=1 27 14 7, 7 1l4=7 27 64.

20.3.3 SO(7) eight-dimensional rep

We have not attempted to identify the quartic invariant in this case. However, al the
rep dimensions (table 20.1), aswell astheir Dynkin indices (table 20.2), match B3
reps listed in tables of Patera and Sankoff [ 273].

20.3.4 SO(10) ten-dimensional rep

Thisisatrivia solution; Pa = P3 and P7 = 0, so that there is no decomposition.
The quartic invariant is

f = c . 0, (20.30)

whereC = aretheSO(10) Lie agebra structure constants.
This completes our discussion of the bosonic symmetricg , antisymmetric
e invariant tensors. We turn next to the fermionic case: antisymmetricg

symmetric e

204 E; FAMILY

We have established in chapter 12 that the invariance group of antisymmetric
quadraticinvariant ¥  isSp(n), n even. We now add to the set of Sp(n) invariants
(12.8) afully symmetric 4-index tensor,

d =d =d =d . (20.31)
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All of the algebraof invariants and Kronecker product decomposition that follow is
thesameasin section 20.1, andisleft asan exercisefor thereader. All thedimensions

and Dynkin indices are the same, with n n replacement in all expressions:
6 10+n
Pa= Q+16+np3’ Pz = Q+16+nF’3, (20.32)
+1 0
N = sn(n+1) =3n 45+ 361 (20.33)
16 +n 8+ 3N
4= n(n+1)(n + 10)
TTT2(16+n)

Thereare seventeen sol utionsto this Diophantinecondition, but only tenwill survive
the next one.

20.4.1 Defining  adjoint tensors

Rewriting section 20.2 for an antisymmetric ¥ , symmetric d is absolutely
trivial, as these tensors never make an explicit appearance. The only subtlety is that
for the reductions of Kronecker products of odd numbers of de ning reps (in this
case V%), additional overall factors of 1 appear. For example, it is clear that
the dimension of the de ning subspace dg in (20.18) does not become negative;

n n substitution propagates only through the expressionsfor A, 7 and N.
The dimension formulas (20.24) become
_3n(n 2)(n+4) _32n(n 2)(n+1)
dio = n+ 28 T T (n+16)(n+28) (20.34)

Out of the seventeen solutionsto (20.33), ten al so satisfy this Diophantine condition;
d=2,4,8,14,20,32,44,56, 164, 224.d = 44,164, and 224 canbeeliminated [ 74]
by considering reductionsalong the columns of the Magic Triangleand proving that
the resulting subgroups cannot be realized; consequently the groups that contain
them cannot be realized either. Only the seven solutions listed in table 20.3 have
antisymmetrict  and symmetric d invariantsin the de ning rep.

20.4.2 Lie algebraidentification

It turnsout that one does not haveto work very hard to identify the series of solutions
of the preceding section. SO(2) is trivial, and there is extensive literature on the
remaining sol utions. M athematicians study them because they form the third row of
the Magic Square [ 130], and physicists study them because E;(56) SU(3)c
SU (6) once was one of the favored uni ed models[ 149]. The rep dimensions and
the Dynkin indices listed in table 20.3 agree with the above literature, as well as
with the Lie algebratables [273]. Here we shall explain only why E; is one of the
solutions.

The construction of E7, closest to the spirit of our endeavor, has been carried out
by Brown [34, 353]. He considers an n-dimensional complex vector spaceV with
the following properties:

1. V possesses anondegenerate skew-symmetric symplectic invariant {x, y} =
f xvy
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2. V possesses asymmetric 4-linear form q(x,y,z,w) =d Xyzw

3. If theternary product T(x,y,z) isde nedonV by
{T(x,y,z),w} =q(x,y, z,w), then
T X Y), T(Y, Y, Y)} = {xy}H(xVy,y,y)

Thethird property is nothing but the invariance condition (4.36) for d ascan be
veri ed by substituting Pa from (20.32). Hence, our quadratic, quartic invariants
ful 1l al three properties assumed by Brown. He then proceeds to prove that the
56-dimensional rep of E; has the above properties and saves us from that |abor.

The E7 family derived above is a row of the Magic Triangle ( gure 1.1). This
is an extension of the Magic Square, an octonionic construction of exceptional Lie
algebras. The remaining rows are obtained [ 74] by applying the methods of this
monograph to various kinds of quadratic and cubic invariants, while the columns
are subgroup chains. In this context, the Diophantine condition (20.33) is one of
afamily of Diophantine conditions discussed in chapter 21. They al follow from
formulas for the dimension of the adjoint rep of form

N = %(k 6)(I 6) 72+360 —+ (20.35)

k
(20.33) isrecoveredby takingk = 24,n = 21  16. Further Diophantine conditions,
analogousto (20.34), reduce the solutionsto k, | = 8,9, 10, 12, 15, 18, 24, 35. The
corresponding Lie algebras form the Magic Triangle ( gure 1.1).

1
|

20.5 DYNKIN LABELS AND YOUNG TABLEAUX FOR E7

A rep of E7 is characterized by seven Dynkin labels (ajazazasasagay). Asin
section 18.7, tracing with respect to the invariant tensor d modi esthe Young
tableaux for Sp(56). We leave details as an exercise for the reader. The correspon-
dence between the E; Dynkin diagram from table 7.6, Dynkin labels, irreducible
tensor Young tableaux, and the dimensions of the lowest corresponding repsis

7
WL@% 20.36
¥ 23456 (§13233a4a5a6a7) (20.36)

@@%HHD,I
(133, 362880, 365750, 27664, 1539, 56, 912) .

The Clebsch-Gordan series for products of the ve lowest-dimensional reps of E ;
aregivenin table 20.4.
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0 0=+ 4 + + K
562 = 1463

+

1539 + 1 + 133

X O=XJ+ J + 1
7448 = 133+56 = 6480 + 56 + 912

(] O=C10O+ - + O+ xJ
81928 = 146356 = 24320 + 51072 + 56 + 6480

H 0=+ 0 +0+x+ =

86184 = 1539+56 = 51072 + 27664 + 56 + 6480 + 912

XX:M*'%*'X*' +H
64

17689 = 1332 = 7371 + 8645 + 133 + 1 + 1539

[
+
\

+

als 10T m+

1549184 = 27664 + 56 = 980343 + 365750 + 1539 + 152152 + 40755 + 8645

Table 20.4 The Clebsch-Gordan seriesfor Kronecker productsof the velowest-dimensional
reps of E7.
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Chapter Twenty-One

Exceptional magic

The study of invariance algebras as pursued in chapters 16—20 might appear arather
haphazard affair. Given a set of primitives, one derives a set of Diophantine equa-
tions, constructs the family of invariance algebras, and moves onto the next set of
primitives. However, a closer scrutiny of the Diophantine conditionsleads to a sur-
prise: most of these equations are special cases of one and the same Diophantine
equation, and they magically arrange all exceptional familiesinto atriangular array
| call the Magic Triangle.

21.1 MAGIC TRIANGLE

Our construction of invarianceal gebrashas generated a series of Diophantine condi-
tionsthat we now summarize. The adjoint rep dimensions (19.21), (18.13), (20.33),
and (17.13) are

. 360
= +

F4 family N =3n 36 10

. _ 360
Eg family N =4n 40+n+9

. _ 360
E; family N =3n 45+ /28
Eg family N =10m 122+ S—:qo . (21.2)

Thereis astriking similarity between the Diophantine conditionsfor different fam-
ilies. If wede ne

F4 family m=n-+10

Eeg family m=n+9

E; family m=n/2+38, (21.2)
we can parametrizeall the solutions of the above Diophantine conditionswith asin-
gleinteger m (seetable 21.1). The Clebsch-Gordan seriesfor AV Kronecker prod-
ucts also show a striking similarity. The characteristic equations (17.10), (18.28),
(19.36), and (20.19) are one and the same equation:

Q@ 1 Q+%1 Pr=0. (21.3)

Here P, removesthe de ning and V 2 subspaces, and we have rescaled the Eg
operator Q (17.10) by factor 2. The role of the Q operator is only to distinguish
between the two subspaces; we are free to rescale it as we wish.
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m |8 9 10 12 15 18 24 30 36
Fa 0O 0 3 8 21 . 52
Es 0O 0 2 8 16 3 33 78
E-|0 1 3 9 21 3 66 9 133
Es |3 8 14 28 52 78 133 10 248

Table 21.1 All de ningrepresentation n valuesallowed by the Diophantine conditions(21.1)
and (21.4). The m = 30 column of nonreductive algebras, not eliminated by the
Diophantine conditions of chapters 1620, isindicated by smaller script.

In the dimensions of the associated reps, the eigenvalue 6/m introduces a new
Diophantine denominator m + 6. For example, from (17.19), table 18.4, (19.42),
and (20.34), the highest-dimensiona rep in V. A has dimension (in terms of
parametrization (21.2)):

15120
i +6)2 +6) + it
Fafamily 3(m+6)° 156(m+6) +2673 =
15120
H 2
Eg family 4(m +6)° 188(m + 6) + 2928 6
15120
i + 6)2 +6) + it
Eqfamily 2 6(m+6)° 246(m+6)+3348 =
Es family 50m?  1485m + 19350 + 200 11+15120 )
m m+6

These Diophantine conditions eliminate most of the spurious solutions of (21.1);
only them = 30, 60, 90, and 120 spurioussol utionssurvivebut areinturn eliminated
by further conditions. For the Eg family, the de ning rep is the adjoint rep, V
V=V A=A A, sotheDiophantine condition (21.4) includes both 1/m
and 1/(m + 6) terms. Not only can the four Diophantine conditions (21.1) be
parametrized by a singleinteger m; the list of solutions (table 21.1) turns out to be
symmetric under the ip across the diagonal. F 4 solutions are the same as thosein
the m = 15 column, and so on. This suggests that the rows be parametrized by an
integer , in afashion symmetric to the column parametrization by m. Indeed, the
requirement of m symmetry leads to a unique expression that containsthe four
Diophantine conditions (21.1) as special cases:

(__6)(m 6)
3
We take m = 8,9, 10,12, 15,18, 24, 30, and 36 as all the solutions allowed in
table 21.1. By symmetry, takesthe samevalues. All thesolutions 1l up the Magic
Triangle ( gure 21.1). Within each entry, the number in the upper left corner is N,
the dimension of the corresponding Lie algebra, and the number in the lower |eft
cornerisn, the dimension of thede ning rep. The expressionsfor n for the top four
rows are guesses. Thetriangleiscalled magic partly because we arrived at it by

N = 72

+ @ + @ . (21.5)
m
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Figure21.1 Magic Triangle. The admissible solutions of Diophantine conditions (21.4) and
(21.5) form a triangular array that includes al of the exceptiona Lie group
families derived in chapters 16—20. Within each entry the number in the upper
left corner is N, the dimension of the corresponding Lie a gebra, and the number
in the lower left corner is n, the dimension of the de ning rep. The Magic
Square isframed by the double line.



