






PHY–396 K. Problem set #7. Due October 19, 2004.

1. Consider the matrix γ5 def
= iγ0γ1γ2γ3.

(a) Show that γ5 anticommutes with each of the γµ matrices, γ5γµ = −γµγ5.

(b) Show that γ5 is hermitian and that (γ5)2 = 1.

(c) Show that γ5 = (−i/24)εκλµνγ
κγλγµγν and γ[κγλγµγν] = −iεκλµν γ5.

(d) Show that γ[λγµγν] = iεκλµν γκγ5.

(e) Show that any 4 × 4 matrix Γ is a unique linear combination of the following 16

matrices: 1, γµ, γ[µγν], γ5γµ and γ5.

Conventions: ε0123 = +1, ε0123 = −1, γ[µγν] = 1
2(γµγν − γνγµ),

γ[λγµγν] = 1
6(γλγµγν − γλγνγµ + γµγνγλ − γµγλγν + γνγλγµ − γνγµγλ),

and ditto for the γ[κγλγµγν].

2. Consider bilinear products of a Dirac field Ψ(x) and its conjugate Ψ(x). Generally, such

products have form ΨΓΨ where Γ is one of 16 matrices discussed in 1.(e); altogether, we

have

S = ΨΨ, V µ = ΨγµΨ, Tµν = Ψiγ[µγν]Ψ, Aµ = Ψγ5γµΨ and P = Ψiγ5Ψ.

(1)

(a) Show that all the bilinears (1) are Hermitian.

Hint: First, show that
(
ΨΓΨ

)†
= ΨΓΨ

(b) Show that under continuous Lorentz symmetries, the S and the P transform as scalars,

the V µ and the Aµ as vectors and the Tµν as an antisymmetric tensor.

(c) Find the transformation rules of the bilinears (1) under parity (cf. problem 2 of the

previous set) and show that while S is a true scalar and V is a true (polar) vector, P

is a pseudoscalar and A is an axial vector.

Next, consider the charge-conjugation properties of Dirac bilinears. To avoid operator or-

dering problems, take Ψ(x) and Ψ†(x) to be “classical” fermionic fields which anticommute

with each other, ΨαΨ†
β = −Ψ†

βΨα.
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Homework set # 3

1. (More Commutation relation exercises) Consider the following
state (called a coherent state) for a scalar field of mass m in 3 + 1
dimensions:

|ψ >= exp(
∫

d3k̃f(k)a†(k))|0 >

where an operator valued exponential is defined as exp(a) =
∑∞

k=0
ak/k!

(a) Calculate the normalization of the state |ψ >.

(b) Calculate the expectation values

< ψ|a†(k)|ψ >

< ψ|ψ >
,
< ψ|a(k)|ψ >

< ψ|ψ >

(c) Calculate the expectation value

< φ(x, t) >=
< ψ|φ(x, t)|ψ >

< ψ|ψ >

(d) Show that < φ(x, t) > satisfies the Klein-Gordon equation with
mass m.

2 . C asimir ener gy Co nsider a ma ssless r ea l sca la r field φψ in two di-
mensions, confined to a box of length L with antiperiodic boundary
conditions. This is, a field which satisfies φ(t, L) = −φ(t, 0).

(a) Find the Fourier mode expansion for the field φ.

(b) Remember that the the Feynman Green’s function for a field in
flat space is given by

< 0|T (φ(x)φ(x′))|0 >= GF (x, x′)0 =
∫

d2k exp(ik(x−x′))/k2×
(

1

2π

)2

Calculate GF (x, x′) as a function of it’s arguments.

Note: In the first posting of the homework I forgot to

type the factor of (1/2π)2
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(c) For the case at hand with the given boundary conditions, a Fey-
mann Green’s function is given by

GF (x, x′) =
∑

k

∫

dk0 exp(ik(x− x′))/k2

where k runs over the allowed set of modes from the mode expan-
sion. Show that this is equal to a sum over images

GF (x, x′) =
∞
∑

n=−∞

(−1)nGF (x+ nL, x′)0

of the Green’s function for flat space.

(d) Show that the Hamiltonian density in terms of the field φ is given
by

H(x, t) =
1

2
[φ̇(x, t)2 + φ,x(x, t)

2]

(e) Consider a point splitting Hamiltonian given by

H(x, t)ǫ =
1

2
[φ̇(x, t)φ̇(x+ ǫ, t) + φ,x(x, t)φ,x(x+ ǫ, t)]

Calculate
< 0|H(x, t)ǫ|0 >

both for the theory in infinite space and in the theory with bound-
ary conditions.

(f) Show that the difference between the two results gives a finite
result in the limit

lim
ǫ→0

([Hǫ]box − [Hǫ]flat)

What is the final value?

3. Consider a scalar field theory for a real scalar field φ of mass m in
four dimensions. Calculate the following correlations in terms of the
Feynman propagator GF (x, x′)

< 0|T (: φ2(x) :: φ2(x′) :)|0 >

< 0|T (: φ3(x) :: φ2(x′) :)|0 >

< 0|T (: φ3(x) :: φ3(x′) :)|0 >
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