6. PLANETS AND STARS
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the corners. Since their side length must vary linearly with z from ¢ = %ﬂ
for z=0tot =0 for z = —%\/?:, it must be t = %\/E—&—z\/é. The area is
thus A(z) = 3v/3(s> — 3t?) for —3v/3 < z < 0. One may verify that the two
area functions reproduce the volume correctly. The center of buoyancy becomes
ZB = —% 3 and the metacenter

1 1

Thus the metacenter is above the center of gravity (z¢ = 0) and the cube floats
stably in this configuration.

6 Planets and stars

6.1 Put g(x) = ap(x) where a is an arbitrary constant vector.
6.6 Use (6-15) and (3-28).

6.7 Integrate (6-15) using the field (3-A6), and we find

'pc - %ﬂ'Gp%rQ for r <a; ,
o) = | e 2nGptad = 27GA30° — a) (6-A1)
s(1 1
—Gpo(pr —p2)aj | — — =) forai<r<a.
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Apart from an additive constant and overall normalization, this is exactly the same as
the minus the gravitational potential (see problem 6.6 and fig. 3.4). Setting r = a, the
central pressure becomes

2 2 4 1 1
pe = =nGpiai + SnGp3(a® —al) + =7Gpa(pr — p2)al [ — — = . (6-A2)
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Again the total mass may be used to establish a relation between the densities and the

radii, My = %W(a?pl + (a® — a})p2).

6.11
a) From (?7) p ~ r*/0~1 and from (6-21) one gets a — 2 = Ll’ which implies
N -

—1
a:QLQ. Thus a < 0 for 1 < 7 < 2.

b) M ~ fr2pdr ~ p3te/( =1 By =0/(=2)  The exponent is positive for 1 <

<3
v<

6
c) E~ [ M?[r?dy ~ r57=60/(0=2)  The exponent is positive for 1 < v < 5

6.12 Use the approximation (6-22).
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ANSWERS TO PROBLEMS

6.13
a) Insert into (6-28).
b) p (14 57/3) 7, p (14 52/3) 52
¢) M~ [pridr~ [(1+5%/3)7°/%s*ds = [ s~ds converges for s — oco.

6.14 The gravitational energy is —FE/M = 25,000 J/g. Heating and melting iron
takes only about 8,000 J/g. The Earth definitely melted while its bulk accumulated.

7 Hydrostatic shapes

7.1 The centrifugal acceleration is aQ® = go so that = 1/go/a. The potential is
® = —1a°Q? at the cylinder. Use (3-37) to get vesc = \/ago &~ 316 m/s for a = 10 km.

7.3 a) The extra pressure Ap(x) created by the field of the spheres is determined by
w(po + Ap) + 1 + P2 = w(po) , (7-A1)

with the potentials of the two spheres

2 2
=9V g, J1d : (7-A2)
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where g1 = %’T p1Ga is the surface gravity of the spheres. Expanding to first order in
Ap, we obtain

Ap = —po(P1 + P2) (7-A3)

where po = p(po) is the density in the absence of the spheres. At the surface of sphere
1, r = a, we obtain the extra pressure

a a\2
Ap1 = poagi (1 + D + (5) cos 0) , (7-A4)
where we have expanded to leading non-trivial order in a/D, and where 6 is the polar
angle of the point at the surface of sphere 1. Integrating over the surface of sphere 1,
we obtain the extra force in the z-direction

5

Fi= / (—Ap1)dS. = 727ra2/ Ap1(0) cosfsinb db = f%pogl% ,  (7-A5)
r=a 0

which is a repulsion.
b) The gravitational attraction from sphere 2 on sphere 1 is

. GM? A a®
gz— D2 —§p191ﬁ

(7-A6)

and the ratio becomes Fi/G1 = —po/p1. ¢) If p1 = po, then the total force becomes
F1 4+ G1 =0, as one would expect.

7.4 Let h be the change in sea level due to p. Use constancy of (7-2) in the water
close to the surface to get po/po = p/po + goh, where po is the pressure far away from
the high pressure region. Then h = —(p — po)/pogo =~ —20 cm.



