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Trace basis vs. multiplet basis
Quark bases

Results & resources

Plan
» construct bases for color space
» using projectors onto SU(N) irreps
P written as birdtracks
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definition : finite group G

consists of a set of |G| elements

G: {67927""g|G‘}
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consists of a set of |G| elements

G: {67927""g|G‘}
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definition : finite group G

consists of a set of |G| elements

G = {67 927 A )glG‘}
and a group multiplication rule g;g; with
1. closure: If g;,g; € G, then g;g, € G

2. associativity: gx(9;9i) = (9x95) 9
3. identity e: ge=eg =g forall g e G
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Quarks only

el (s Quarks & Anti-quarks
Some dimensions

definition : finite group G

consists of a set of |G| elements

G: {67927"')g|G‘}

and a group multiplication rule g;g; with
1. closure: If g;,g; € G, then g;g, € G
2. associativity: gx(9;9i) = (9x95) 9
3. identity e: ge=eg =g forall g e G
4

. inverse g~ !: for every g € G, there exists a unique element
h =g~ ! € G such that hg = gh = e.

order of the group = number of elements |G|
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Quarks only
Quarks & Anti-quarks

uark bases A ]
Q Some dimensions

example : permutation group

three standard notations for permutations

(1 2 3
= 213
3
2 cycle notation

two-line notation birdtrack notation

3
Il
N
w
L)

all mean : permute objects 1, 2, 3, so that after the permutation

Stefan Keppeler
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Quarks only
Quarks & Anti-quarks
Some dimensions

permutation multiplication
to compose permutations

p=(12) = >< , followed by 7 = (132) = %

multiply cycles

mop=(132)(12)=(1)(23) =  (23)

omit ‘o’ omit one-cycles

or compose diagrams

e X2 e
Stefan Keppeler %
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Quarks & Anti-quarks
Some dimensions

S, : permutation group on n quarks

» from permutation cycles to birdtracks :

Judith M. Alcock-Zeilinger !
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Quarks only
Quarks & Anti-quarks

Quark bases . .
Sume dimensions

S,, : permutation group on n quarks

> from permutation cycles to birdtracks :

11 1 1
A 2 2 A 2 -
p= (134)(25) write columns 3 3 draw lines 3 3 M
4 4 4 4 only
5 5
5 5 ¥ 7
p(i) i

Judith M. Alcock-Zeilinger g
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Quarks only
Quarks & Anti-quarks

Quark bases . .
SCII’"E dimensions

S,, : permutation group on n quarks

> from permutation cycles to birdtracks :

11 1 1
A 2 2 A 2 -
P:(134)(25) write columns 3 3 draw lines 3 3 M
4 4 4 4 only
5 5
5 5 ¥ 7
p(i) i
» permutation group S3 elements
idg = <, (12) <z
-~ —-<
(123) :%7 (23) :x

(132) - % ' (13) - % Judith M. Alcock-Zeilinger %2
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Quark bases . .
SOI’"E dimensions

P birdtrack multiplication :
connect lines and straighten them out

» birdtrack inverse

Judith M. Alcock-Zeilinger E
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SOI’"E dimensions

P birdtrack multiplication :
connect lines and straighten them out

» birdtrack inverse p~! of a permutation p € S,, :

reflect p about vertical axis, reverse the arrows

Judith M. Alcock-Zeilinger E
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Quark bases . .
Some dimensions

P birdtrack multiplication :
connect lines and straighten them out

» birdtrack inverse p~! of a permutation p € S,, :

reflect p about vertical axis, reverse the arrows
reﬂect reverse arrows . B

Judith M. Alcock-Zeilinger ?
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Quarks only
Quarks & Anti-quarks

Quark bases . .
Some dimensions

P birdtrack multiplication :
connect lines and straighten them out

» birdtrack inverse p~! of a permutation p € S,, :

reflect p about vertical axis, reverse the arrows
reﬂect reverse arrows . B

closure, associativity, identity, inverse : it's a group ! N

Judith M. Alcock-Zeilinger ?
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Quark bases

S3 multiplication table

AR KK TR
AR KR IR T

Cvitanovi¢, Alcock-Zeilinger and Keppeler

R IE K

permutations



Quarks only
Quarks & Anti-quarks

uark bases A ]
Q Some dimensions

definition : algebra over group elements

the vector space A = C[G] constructed from linear combinations
of group elements

a = Y Ng, geEG, NEC
g

= %75§+2@‘§€, a € C[S4]

for example :

is an algebra

Judith M. Alcock-Zeilinger E
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Quarks only
Quarks & Anti-quarks

uark bases A ]
Q Some dimensions

definition : algebra over group elements

the vector space A = C[G] constructed from linear combinations
of group elements

a = Y Ng, geEG, NEC
g

= %75§+2@‘§€, a € C[S4]

is an algebra, with A - A — A distributive multiplication

for example :

(a+0b)c=ac+bc, a,b,ce A

Judith M. Alcock-Zeilinger E
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Quarks only
Quarks & Anti-quarks

Quark bases . .
SOI"E dimensions

examples of algebra elements

S 1 - -~
un= 5 .4_(.‘+9€
1 - -
S134 = g<*—‘H+3€+‘—‘::+ + + >
-
1 -
A1234:ﬂ<<_<-* *96* - -
e
-
-

IR 11K |
14
B KK SR
HR R 1K 5
HR R K 1

Judith M. Alcock-Zeilinger
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Quark bases

birdtrack multiplication in long hand

20EXH R
3603 =6 R
5233E 3%
3636 3% 3E
3-3omoee=ae
R IE=RE<RE RE=EE-<E8><)

= Aoz -

Cvitanovi¢, Alcock-Zeilinger and Keppeler permutations



Plan

Trace basis vs. multiplet basis
Quark bases

Results & resources

Quarks only
Quarks & Anti-quarks
Some dimensions

compact birdtrack notation : (anti)symmetrizers

denote symmetrizers S / anti-symmetrizers A

1 1 .
S:EZW and A:EZSIgH(ﬂ')ﬂ'

" wESy " wES,

by white, black bars

s- T A:fE.

Cvitanovié¢, Alcock-Zeilinger and Keppeler permutations
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Quarks only
Quarks & Anti-quarks

uark bases A ]
Q Some dimensions

compact birdtrack notation for algebra elements

e e )
Sz4=ﬁ, 5134=ﬁ, A1234=$

Judith M. Alcock-Zeilinger E
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Quarks only
Quarks & Anti-quarks

Quark bases . .
Sume dimensions

birdtrack computations are compact

4 - é(H oG- 36—§+3€+3€>
- F

Judith M. Alcock-Zeilinger g
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Quarks only
Quarks & Anti-quarks

Quark bases . .
Some dimensions

birdtrack computations are compact

IR ESEE=E CEE=FE-<2F <)
o

antisymmetrize twice :

-

Judith M. Alcock-Zeilinger E
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Quarks only
Quarks & Anti-quarks

Quark bases . .
SOI’"E dimensions

birdtrack computations are compact

4 - é(H oG- 36—§+3€+3€>
- F

antisymmetrize twice :

-

as the antisymmetrized state is already antisymmetric

Judith M. Alcock-Zeilinger E
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Quarks only
Quarks & Anti-quarks

Quark bases . .
SOI’"E dimensions

birdtrack computations are compact

R E=EE=E SR E 2

-

antisymmetrize twice :
2 = FF=-F
as the antisymmetrized state is already antisymmetric
A? = A, ie. S, A are projection operators.

Operating on what ?

Cvitanovi¢, Alcock-Zeilinger and Keppeler permutations
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Trace basis vs. multiplet basis
Quark bases

Results & resources

Quarks only
Quarks & Anti-quarks
Some dimensions

what does operator A do 7

In the full index notation

bp...bel 5b1 51)2 . 6 _ 6b1 6b2

Aalag...ap7

A =

Cvitanovié¢, Alcock-Zeilinger and Keppeler permutations

a1 a2 az-ay "
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Trace basis vs. multiplet basis
Quark bases

Results & resources

Quarks only
Quarks & Anti-quarks
Some dimensions

what does operator A do 7

In the full index notation

bp...bab1

Aalag...ap7 al a2 az - al D

otz gbe —5b1562...5gp+...}

A =

is a (tensorial) matrix that acts on p copies of vector space V'

A: VP VP
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Quarks only
Quarks & Anti-quarks

uark bases A ]
Q Some dimensions

practice : birdtracks <> indices

operation of permuting tensor indices is a linear operation,
represented by a [d x d] matrix:

ﬁ o aias...a dp...dl
O’ = Oby...by qch...czcl .

for 2-index tensors, there are two permutations:
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Quarks only
Quarks & Anti-quarks

uark bases A ]
Q Some dimensions

practice : birdtracks <> indices

operation of permuting tensor indices is a linear operation,
represented by a [d x d] matrix:

ﬁ o aias...a dp...dl
O’ = Oby...by qch...cgcl .

for 2-index tensors, there are two permutations:

identity: 1,0 = 6265 =

—_—

flip: oagw™ =650 = ><.
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Trace basis vs. multiplet basis
Quark bases

Results & resources

Quarks only
Quarks & Anti-quarks
Some dimensions

practice : birdtracks <> indices

For 3-index tensors, there are six permutations:

b3bab _ b1 sbo bz __
1111(12113 ? ! - 5a16a25a3
b3bab _ ba cb1 bz
0—(12>lllll2ll3 302 - 5a216a;5a§ - ><
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Plan

Trace basis vs. multiplet basis
Quark bases

Results & resources

Quarks only
Quarks & Anti-quarks
Some dimensions

practice : birdtracks <> indices

For 3-index tensors, there are six permutations:

—_——
b3bab b1 sba ¢b:
1111&2113 vt = 5@161135(1; = €
—_—
b3bab bo ¢by <b:
0(12>a1a2a3 3b2b1 5a215a;5a§ _ ><
—_—

WOA!
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Quarks only
Quarks & Anti-quarks

Quark bases . .
SOI’"E dimensions

» (conventional) Young operators are not Hermitian

<<

~> do not yield orthogonal bases

[SVIP=

I

Hermitian Young operators ©

— 4
P = 5 25

SK & M. Sjsdahl, J. Math. Phys. 55 (2014) 021702, arXiv:1307.6147
J. Alcock-Zeilinger & H. Weigert, J. Math. Phys. 58 (2017) 051702, arXiv:1610.10088
J. Alcock-Zeilinger & H. Weigert, J. Math. Phys. 58 (2017) 051703, arXiv:1610.08802

!
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Quarks only
Quarks & Anti-quarks

Quark bases h N
Sume dimensions

P apply two Hermitian Young operators

— Po [

Poy

» further decompose by subtracting contractions, e.g.

SE==—R il

<<
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Quarks only

Quark bases

Quarks & Anti-quarks
Some dimensions

number of multiplets

dimension of color space

N=3 N = N=3 N =00
A? 5 A? 6 7 8 9

A3 — A3 29 51 145 265
At — At 166 513 3 598 14 833
A% — AP 1 002 6 345 107 160 1 334 961

Cvitanovi¢, Alcock-Zeilinger and Keppeler
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Quark bases

Quarks only
Quarks & Anti-quarks
Some dimensions

“000)
“0001

rooo>
rooo

number of multiplets

dimension of color space

N=3 N = N=3 N =00
AZ 5 A2 6 7 8 9

A3 — A3 29 51 145 265
At o At 166 513 3598 14 833
A% — AP 1 002 6 345 107 160 1 334 961

Cvitanovi¢, Alcock-Zeilinger and Keppeler
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Quarks only
Quarks & Anti-quarks

uark bases g -
Q Some dimensions

7000] (OO0
“000L_Tfoo0

number of multiplets dimension of color space
N=3 N =0 N=3 N=o
A? 5 A2 6 7 8 9
A% A3 29 51 145 265
At - oAt 166 513 3598 14 833
A5 AP 1 002 6 345 107 160 1334 961

FeH =

D
1

oHemmeHHe H
8 8 10 10 27
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Quarks only

Quark bases

Quarks & Anti-quarks

Some dimensions

“000) oo
70000 rooo>
number of multiplets dimension of color space
N=3 N =0 N=3 N=o
A? 5 A2 6 7 8 9
A? — AP 29 51 145 265
At - oAt 166 513 3598 14 833
A5 AP 1 002 6 345 107 160 1334 961
Fof-sofoPormofHefD  v-:
8 8 1 8 8 10 10 27

@j@@@j:o@@j@ﬁj@ﬁﬂ@
15 15 1 15 15 45

Cvitanovié¢, Alcock-Zeilinger and Keppeler

oo ~=1

15

84 20

permutations



Results & resources

constructing multiplet bases
» quarks only ~» Hermitian Young operators* %
» gluons only$
» quarks & anti-quarks

work in progress (Keppeler & Alcock-Zeilinger)

» quarks, anti-quarks & gluons ~ (at least) two strategies|
work in progress (Alcock-Zeilinger & Keppeler & Sjédahl & Thorén)

working with multiplet bases
» download bases for 6 external partons?

» software
M. Sjédahl: ColorMath/ColorFull (Mathematica/C++ packages)

» multiplet bases ~ Wigner 3j & 6] coefficients

*S. Keppeler and M. Sjédahl, J. Math. Phys. 55, 021702 (2014).
TJ. Alcock-Zeilinger and H. Weigert, J. Math. Phys. 58, 051702 (2017).
. Alcock-Zeilinger and H. Weigert, J. Math. Phys. 58, 051703 (2016).
§s. Keppeler and M. Sjédahl, J. High Energy Phys. 2012, 1-49 (2012).
M. Sjédahl and J. Thorén, J. High Energy Phys. 09, 55 (2015).
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