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I construct bases for QCD color space

I using projectors onto SU(N) irreps

I written as birdtracks
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Trace basis
Construction

I QCD process

c

I color structure c : V ⊗ V 2 ⊗A3 → V ⊗A2

c is a color tensor with in-, out-lines : c ∈ V 2 ⊗ V
2 ⊗A5

c ∈ {singlets ⊂ (V ⊗ V )2 ⊗A5}

I as linear combination of color structures such amplitudes

require basis of {singlets ⊂ (V ⊗ V )nq ⊗Ang}︸ ︷︷ ︸
color space
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Goal : construct a color basis
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Construction

QCD SU(N) color basis

form all linearly independent singlets in (V ⊗ V )nq ⊗Ang

There are two ways of doing it :

I trace basis, any n : convert gluons → quark-antiquarks,
construct basis for (V ⊗ V )nq+ng

restrict to ng external gluons

I multiplet basis, fixed n :
I convert gluons into SU(N) N -quarks adjoint rep

(for example, SU(4) adjoint rep is )

I construct pure quark V nq+N ng → V nq+N ng matrices
restrict to ng external gluons

I block-diagonalize to irreps of SU(n)
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linear transformations : index notation

I defining matrix rep of group G : V → V :

[n× n] matrices Ga
b ∈ G

I defining multiplet : quark wave function transforms as

q′a = Ga
b qb

I conjugate multiplet : antiquark wave function as

q′a = Ga
b q

b
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Cvitanović, Alcock-Zeilinger and Keppeler Birdtracks for SU(N)

http://youtube.com/embed/k7Fakf51jGQ


Stefan Keppeler

Plan
Trace vs. multiplet basis

Quark bases
Results & resources

Color space
Goal : construct a color basis
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Trace basis
Construction

linear transformations : index notation

I tensors : multi-particle states transform as V p⊗V̄ q → V p⊗V̄ q

p′aq
′
br

′c = Ga
f Gb

eGc
d pfqer

d

Note: repeated indices are always summed over

Ga
bxb ≡

n∑
b=1

Ga
bxb ,

unless explicitly stated otherwise.
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I tensor notation :

G c
ab ,

ef
d = Ga

fGb
eGc

d

I collective indices notation :

q′α = Gα
βqβ , α =

{
c

ab

}
,
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Predrag Cvitanović
Group Theory – Birdtracks, Lie’s and Exceptional Groups1

Princeton University Press 2008

I birdtrack notation

T =

T ∈ V ⊗A⊗ V ⊗A

assign indices

i
a T

j
b = T ia, jb

I examples

i j
a

= (ta)
i
j ,

a

b

c = ifabc

I note the QCD convention : curly instead of thin gluon lines

1D. S. Silver, Amer. Sci. 105, 364 (2017).

Cvitanović, Alcock-Zeilinger and Keppeler Birdtracks for SU(N)

http://youtube.com/embed/Lrh8plsPhp4
http://birdtracks.eu
http://youtube.com/embed/PLROav1OlbI
http://dx.doi.org/10.1511/2017.105.6.364


Stefan Keppeler

Plan
Trace vs. multiplet basis

Quark bases
Results & resources

Color space
Goal : construct a color basis
Birdtracks
Trace basis
Construction

Predrag Cvitanović
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trace basis

example : color structure of 2 gluons → quark-antiquark
I attach a quark-gluon vertex to each external gluon line

I connect all external quark lines to either external quark lines
or to quark-gluon vertices

, , .

I result is a trace basis

c1 = , c2 = , c3 = ,
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I frequently used : trace basis

I consists of (traces of) products of generators

, easy to construct
/ overcomplete, i.e. not a proper basis, just a spanning set
/ non-orthogonal

I compare to : multiplet basis
I constructed from projectors

, orthogonal & minimal

c
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constructing multiplet bases

I quarks only ; Hermitian Young operators2,3,4

I gluons only5

I quarks & anti-quarks
work in progress (Keppeler & Alcock-Zeilinger)

I quarks, anti-quarks & gluons ; (at least) two strategies5

work in progress (Alcock-Zeilinger & Keppeler & Sjödahl & Thorén)

working with multiplet bases

I download bases for 6 external partons5

I software
M. Sjödahl: ColorMath/ColorFull (Mathematica/C++ packages)

I multiplet bases ; Wigner 3j & 6j coefficients6

2S. Keppeler and M. Sjödahl, J. Math. Phys. 55, 021702 (2014).
3J. Alcock-Zeilinger and H. Weigert, J. Math. Phys. 58, 051702 (2017).
4J. Alcock-Zeilinger and H. Weigert, J. Math. Phys. 58, 051703 (2016).
5S. Keppeler and M. Sjödahl, J. High Energy Phys. 2012, 1–49 (2012).
6M. Sjödahl and J. Thorén, J. High Energy Phys. 09, 55 (2015).
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